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Abstract
This report describes the model of a system comprised of a cantilever beam bilaterally constrained
at the tip where the spacing between the beam and the stop was varied. The purpose of this work
was to model the system, simulate it, and validate the numerical results with experimental data. It
is important to mention that it is not the purpose of this work to obtain point-wise correspondence
between the two systems, model and physical, but to obtain an algorithm that can be easily modified
to study key parameters, such as clearance between beam and stop, impact stiffness and energy
dissipation. To verify the piecewise-smooth simulation algorithm, three stop cases are considered.
With each kind of stop, different information is obtained about the system. With the first setup,
wherein transducers were used as stops, it was possible to measure the exact time of impact and
how the impacts evolved over time. In the second arrangement the stops are heavy stainless steel
blocks. In this setup the dynamics of the stops are minimized. In the third setup, thin aluminum
plates are used as stops. Here, the plates flex during impact, and more complicated dynamics that
are not modeled are introduced into the system. The position of the forcing as well as the kind
of forcing are studied to try to understand how the system behaves. The best agreement between
the model and experiment was obtained with the heavy stainless steel stop setup. In this case
the dynamics of the system were limited, and the model of the stop as a spring-damper was a
reasonable approximation of the system. Overall, the model and the algorithm used to detect the
impacts successfully predict the impacts and thus the code can be used to further investigate ways
to identify systems with vibro-impact characteristics.
This report also includes the setup for a Landau-Zener tunneling experiment involving two
pendulums, one with fixed length and one with variable length. The experimental setup and tools
used will be described, and some experimental results showing agreement with analytical data will
be shown. It is important to understand that the theoretical and analytical research for this part of
the thesis was fully developed by Manevitch et al., and only experimental validation was performed
by the author.
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Chapter 1
Introduction
1.1 Motivation
Almost any system or device is composed of multiple parts. These are put together keeping
in mind cost, durability and product life. When two materials or parts are assembled, almost always
the durability and strength of the final product is compromised. It is unavoidable to have joints with
rivets or bolts keeping a system together; over time these will degrade. What is important is to be
able to predict the performance of these joints.
System identification refers to characterizing the properties of a system through mathe-
matical analysis of experimental data. The system identification (SI) process involves: detection,
characterization and parameter estimation. SI techniques are divided into two categories: para-
metric and non-parametric. In the parametric method, a model for the system is assumed and the
parameters of the assumed system are derived from the experimental data. In the non-parametric
method, no assumptions are made about the physical model, and the model is developed to best fit
the functional representation of the system based on input-output mappings without making any
assumptions about the physical model [13].
Lee at al. have been working on developing a heuristic non-parametric, nonlinear system
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identification method based on empirical mode decomposition (EMD) of only output measure-
ments [5]. In a system with vibro-impacts the output signal contains smooth and nonsmooth com-
ponents: the smooth component represents the system with no vibro-impacts and the nonsmooth
parts show up only when there are vibro-impacts [15].
The purpose of this work was to create and validate a numerical model for a cantilever
beam with vibro-impacts due to varying clearances between the beam and a stop. An algorithm
that takes as inputs the beam parameters, the stop stiffness and damping values, and the clearance
between the beam and the stop was developed using MATLAB R© software. Although the model
with vibro-impact is very simple, it provides a tool for validating the techniques developed by
Lee et al. for non-parametric system identification. Being able to change parameters, such as the
clearance between the beam and stop computationally and to see how the techniques are affected
will hopefully prove to be useful and time saving.
1.2 Nonlinear Localization in a Structure with Vibro-Impacts
To start understanding how a structure with vibro-impacts can be modeled, some of the
work previously done by Emaci et al. is worth mentioning [3]. Figure 1.1 shows the experimental
setup used in a study of a flexible structure with vibro-impacts. Here, two cantilever beams are
coupled by a soft spring, and the motion of both beams is constrained by rigid stops placed a
distance c away from each side of the beam. In this theoretical model, the impact nonlinearities
are simulated by clearance nonlinearities with high stiffness characteristics. In their work they
included a study of the energy dissipation of inelastic and elastic impacts. They concluded that
under certain conditions the vibrational energy is confined to only one of the beams.
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Figure 1.1: Experimental setup for the two coupled beams with vibro-impacts [3].
For the system described in Fig. 1.1 the equations of motion are
m
∂u1
∂ t2
+d
∂u1
∂ t
+EI
∂ 4u1
∂x4
=−kδ (x−a)[u1(a, t)]+B1+ I1+P(x, t), (1.1)
m
∂u2
∂ t2
+d
∂u2
∂ t
+EIm
∂ 4u2
∂x4
= kδ (x−a)−u2(a, t)+B2+ I2; (1.2)
where x = a is the location of the coupling spring k, m, d and EI are the uniform mass, damping
and elasticity distribution per unit length of the beams; u1 and u2 are the transverse beam displace-
ments; P(x, t) is the external forcing; B1,2 and I1,2 are the dissipation terms due to the vibro-impact
forces from the rigid stop to the beams.
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Figure 1.2: Transient nonlinear motion con-
finement in the vibro-impact system with
purely elastic impacts; accelerations of (a)
beam 1, (b) beam 2.
Figure 1.3: Transient nonlinear motion con-
finement in the vibro-impact system with in-
elastic impacts; (a) acceleration of beam 1,
(b) acceleration of beam 2.
It has been shown that linear and nonlinear weakly coupled periodic structures can be
designed to have localized normal modes. For a linear system, this localization is possible for only
weak excitation forces, but for nonlinear structures this is not the case. For structures that possess
localized modes and are externally forced, the disturbances remain confined instead of spreading
through the structure. This feature could be used to passively or actively control vibration or shock
isolation of flexible structures. In [3] they were able to numerically and experimentally show that
in the case of two identical coupled flexible beams with rigid constraints there is nonlinear motion
confinement. There are structures that can be designed to have nonlinear motion confinement
properties.
Although [3] deals with energy transfer and passive control systems, the equations of mo-
tion and the method used to model the vibro-impacts are very similar to what will be used in the
simulation algorithm described in the following chapters.
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1.3 Thesis Overview
Chapter 2 of this report describes in detail the SI and model updating of a linear Euler-
Bernoulli cantilever beam. The linear system is modeled first by using the Assumed-Modes
method, where a Ritz series is used to approximate the beam deformation. Next an FEM model is
developed, and the two are compared before choosing the Assumed-Modes method to model the
system with vibro-impacts. Both models are refined by using experimental data to update the mass
and stiffness matrices in the FEM model and to update the natural frequencies in the Assumed-
Modes model.
Chapter 3 extends this work to the case of an Euler-Bernoulli beam, bilaterally constrained.
Here, a detailed description of the system with vibro-impacts will be introduced, with an explana-
tion of the algorithm used to detect the impacts and its implementation via MATLAB R© software.
In this chapter, the experimental setup and the tools used for post-processsing will be described in
detail. Finally, simulated and experimental data will be compared to show the agreement between
the two, confirming the ability of the model to accurately predict the system response. This indi-
cates that the simulation technique can be used to further study similar systems without the need
for extensive laboratory work. Next, the experimental findings will be summarized, and a brief
description of ongoing and proposed future work will be discussed.
The last chapter of this report will describe the work performed on an analogy for Landau-
Zenner Tunneling. The experimental setup and tools used will be described, and some experimen-
tal results showing agreement with analytical data will be shown. It is important to understand that
the theoretical and analytical research for this part of the thesis was fully developed by Manevitch
at al., and only experimental validation was performed by the author.
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Chapter 2
Model Updating of a Cantilever Beam
2.1 Assumed-Modes Method
Assumed-Modes method refers to the procedure used to approximate the deformation of
a continuous system from a discrete-parameter model through the use of admissible functions
[2]. An admissible function is one that satisfies the geometric boundary conditions of the system
under consideration and possesses derivatives of order at least equal to that appearing in the strain
energy expression for the system. An assumed mode (also called a shape function) is an admissible
function that is selected for the purpose of approximating the deformation of a continuous system.
A set of orthogonal bases functions that satisfy the conditions for admissibility are obtained
from the solution of the Sturm-Liouville problem of the underlying linear problem and will be
used, after some normalizing, in a finite Ritz series to describe the transverse vibrations of the
beam undergoing vibro-impacts.
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2.1.1 Equation of Motion for Transverse Vibrations
Figure 2.1: Uniform cantilever beam.
A uniform cantilever beam is shown in Fig. 2.1. The beam is assumed to obey the Euler-
Bernoulli assumptions, and has constant cross-section. The transverse free vibrations of the beam
is governed by eq.(2.1),
(EIu′′)u′′+ρAu¨= 0 (2.1)
where EI is the stiffness, ρ is the mass density and A is the cross-sectional area.
Assuming the motion of the beam to be synchronous, the method of separation of variables
is applied such that
u(x, t) =V (x)q(t) (2.2)
where V (x) is time independent, and q(t) is space independent. Substitution into eq.(2.2)
gives eq.(2.3) which guarantees the harmonic response
q¨(t)+ω2q(t) = 0 (2.3)
while eq.(2.4) with boundary conditions constitutes an eigenvalue problem.
V (x)′′′′−λ 4V (x) = 0 (2.4)
The solution to eq.(2.4) is given by
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V (x) =C1sinh(λx)+C2cosh(λx)+C3sin(λx)+C4cos(λx) (2.5)
Differentiating and substituting into the boundary conditions
V (0) = 0 V ′′(L) = 0 (2.6)
V ′(0) = 0 V ′′′(L) = 0 (2.7)
leads to a system of homogeneous algebraic equations form which the eigenvalue λr and eigen-
function φr can be determined, for r = 1,2, ...,∞.
The solution to eq.(2.1) can be approximated by a finite modal series
u(x, t) =
N
∑
r=1
φr(x)qr(t) (2.8)
where qr(t) is rth generalized coordinate and φr(x) is the rth eigenfunction.
The normalized eigenfunctions are given by eq.(2.9). These functions are all defined to
within a multiplicative constant Cr.
φr(x) =Cr[cosh(λrx− cos(λrx)− cosh(λrL)+ cos(λrL)sinh(λrL)+ sin(λrL) (sinh(λrx)− sin(λrx))] (2.9)
here λr is the rth root of the characteristic equation
cos(λL)cosh(λL)+1 = 0. (2.10)
To find the constantsCr the orthogonality relation for the eigenfunctions is required. Oper-
ating on eq.(2.4) for the rth mode gives
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ˆ L
0
EIφ ′′′′r φsdx−ω2r
ˆ L
0
ρAφrφsdx= 0 (2.11)
Integrating by parts twice and applying the homogeneous boundary conditions gives
ˆ L
0
[EIφ ′′′′s φr−ω2r ρAφrφs]dx= 0 (2.12)
Recalling that
EIφ ′′′′s −ωsρAφs = 0 (2.13)
and substituting results in
ˆ L
0
ω2s ρAφsφrdx−ω2r ρAφsφrdx= 0, (2.14)
or
(ω2s −ω2r )
ˆ L
0
ρAφsφrdx= 0 (2.15)
for r 6= s,
ˆ L
0
ρAφr(x)φs(x)dx=Crδrs (2.16)
where Cr is the rth modal mass and δrs is the Kronecker delta.
For r = s, ˆ L
0
ρAφ2r dx=Cr (2.17)
leading to
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Cr =
1´ L
0 ρAφ2r (x)dx
. (2.18)
Employing the orthogonality relation, the system of equations, including damping and ex-
ternal forcing, in generalized coordinates is given by
q¨r(t)+2ζrωrq˙r(t)+ω2r qr(t) =
1
ρA
p(t)φr(xi), r = 1,2, ...,N (2.19)
where xi is the forcing location, p(t) is the forcing function, ζr are the modal damping
factors, ωr are the natural frequencies and N is the total number of modes included in the truncated
series.
Beam Properties Value
ρ 7850 Kg/m3
A 3.57e-4 m2
E 200 GPa
I 1.9e-009 m4
L 1.311m
Table 2.1: Beam parameters.
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Figure 2.2: First 10 normalized mode shapes.
2.1.2 Convergence Study
To determine how many modes are needed in order to satisfactorily approximate the re-
sponse of the linear beam, a convergence study was performed starting with 5 modes and gradually
increasing the number by 2 until 17 total modes were included in the series. The beam was forced
at 0.4m from the root with an impact blow. The displacements of the beam at points x = L/3,
x = 2L/3 and x = L, where L is the total length of the beam, were computed and were checked
at times t=0.1, t=0.2, t=0.3 and t = 0.4sec at x=L to verify that sufficient number of modes were
included in the approximate solution.
From experimental observations, most of the dynamics of the vibro-impact system occur
in the first second after the beam has been excited; hence, the reason for the selected time steps.
The results from this convergence study are shown in Figs. 2.3 and 2.4.
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Figure 2.3: Displacement at 3 locations along the beam vs. the number of modes in the series at
time t = 0.1sec (a), t = 0.2sec (b), t = 0.3sec (c) and t = 0.4sec (d).
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Figure 2.4: Displacement at 3 locations along the beam. x= L/3 (a), x= 2L/3 (c), x= L (e). Plots
on the right are close ups of the plots on the left.
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2.1.3 Discussion
The results from the convergence study show that, for an impact forcing, 5 modes are sufficient for
the series to converge. It is not correct to assume that the same number of modes will be sufficient
for the nonlinear system. Since we can accurately measure in the laboratory up to ten modes, this is
the number that will be used in model updating of the linear system and the simulation of the beam
with vibro-impacts. In Chapter 3 there will be another convergence study performed to determine
the number of modes necessary to analyze the nonlinear system.
2.2 Damping
In eq.(2.1) the motion of the beam was assumed to be undamped, but to better approximate the
physical system some energy dissipation will need to be introduced in the linear model. The
energy dissipation will be modeled as viscous damping. There are two damping models commonly
used: proportional damping and modal damping. The first assumes that the damping matrix is
proportional to the stiffness and mass matrices, whereas the latter allows for more control of the
damping coefficient in each mode individually. In the FEM model, since the number of modes
used in the solution could be higher than the total number than is possible to obtain experimentally,
proportional damping is the favored choice. However, if high accuracy or controllability is required
for particular modes, this will not generally be achieved through this method. For this particular
reason, modal damping will be used for the linear beam model. The first ten modal damping
coefficients were obtained using the m+p International Smart Office software and data acquisition
system. The software approximates the damping factors from the frequency response data using a
rational polynomial modal identification algorithm to calculate the damping coefficients, ζr. These
ten damping coefficients were used to construct the viscous damping matrix.
C =
N
∑
r=1
2ζrωr
Mr
Mφr(Mφr)T (2.20)
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where
Mr = φTr Mφr f or r = 1,2, ...,N. (2.21)
Mode Damping factor ζ (%) Natural Frequencies (Hz)
updated experimental numerical experimental
1 0.714 2.7189 3.75 3.742
2 0.1058 0.4958 23.35 23.225
3 0.1384 0.2384 65.12 64.906
4 0.29423 0.2933 127.4 126.937
5 0.6824 0.6824 210.2 209.429
6 0.1334e-3 0.3339 314.9 316.317
7 0.7346 0.7346 438.8 436.317
8 0.1767 0.1767 582.1 580.653
9 0.2316 0.2316 751.2 751.251
10 0.1497 0.1097 928.5 926.724
Table 2.2: Natural frequencies and damping factors values for the first ten modes.
Table 2.2 summarizes the final values used for models of the linear beam. Some of the
experimental damping factors were individually tuned to match the measured time series data. The
biggest discrepancy between measured and updated values occurs in the damping factor for the
first and second modes. These were updated based on displacement and velocity data, while the
damping for the higher modes was updated based on Frequency Response Functions (FRF) and
Wavelet Transforms (WT) from acceleration data.
2.3 Finite Element Method
2.3.1 Mass and Stiffness Matrices
The element stiffness and mass matrices for the Euler-Bernoulli beam in 2-D are given by
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Figure 2.5: Uniform beam clamped at x= 0 and free at x= L, 2DOF at each node.
[m]e =
ml
420

156 22l 54 −13l
22l 4l2 13l −3l2
54 13l 156 −22l
−13l −3l2 −22l 4l2

[k]e =
EI
l3

12 6l −12 6l
6l 4l2 −6l 2l2
−12 −6l 12 −6l
6l 2l2 −6l 4l2

The global mass and stiffness matrices are determined by superposing the element matrices,
giving the global equation of motion [10]
[M] w¨(x, t)+ [C] w˙(x, t)+ [K]w(x, t) = p(t) (2.22)
In state-space, eq.(2.22) has the form
z˙= Az+Bp(t)
where
A=
 0 I
−M−1K −M−1C
 , B=
 0
M−1
 and z=
 u
u˙

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Simulation of eq.(2.22) was performed using the Runge-Kutta method with a variable time
step and the Newmark Beta method with a fixed time step. Not only does the accuracy of the
solution hinge on the size of the time step, but it also depends on the number of modes used in
the series. Both methods were implemented using MATLAB R©, and both solutions are in good
agreement with experimental data. The Runge-Kutta algorithm will be used for the nonlinear sys-
tem for ease of implementation when the impact detection algorithm is added to the MATLAB R©
code. Theoretically, the approximate solutions given by eq.(2.5) and eq.(2.22) approach the exact
solution as the number of modes or elements approaches infinity.
2.3.2 Mesh Size Convergence Study
To determine how many elements are needed in the model of the beam before significant
changes are detected in the solution, a convergence study was performed, where the first ten natural
frequencies were compared. Figure 2.7 shows that more than 10 elements are needed for all the
natural frequencies to converge. In fact, as shown in Fig. 2.7, it is not until 50 elements are
used that the natural frequencies start converging. The shear beam model in Fig. 2.6 considers
only one DOF per node; this is, in reality, not correct and is one of the reasons why it takes so
many elements for the frequencies to converge. With the beam elements described in Fig. 2.5, the
frequencies converge within 20 elements. The reason a SDOF element was chosen was to match
the experimental data. In the laboratory setup the accelerometers are unidirectional so only the
transverse displacement can be measured, as in the model. If the second element type was used
some model reduction had to be performed, and it was found not to be necessary, particularly
because the Assumed-Modes method approximates the experimental system really well.
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Figure 2.6: Linear cantilever beam divided into two elements of equal size. 1DOF elements.
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Figure 2.7: First 10 natural frequencies of the linear system. The natural frequencies are normal-
ized by the exact frequencies measured experimentally.
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2.3.3 Discussion
As described in the model updating section, it was not possible to obtain more than ten modes
experimentally and so only ten natural frequencies were able to be updated. Since ten elements are
not sufficient for the frequencies to converge in the FEM model, the Assumed-Modes method will
be used to simulated the nonlinear system.
2.4 Model Updating
2.4.1 Experimental Setup
Figure 2.8: Cantilever beam with 10 accelerometers evenly distributed along the length.
The model for the linear beam (i.e., no impacts due to large clearance) was updated and validated
using experimental data from the laboratory setup. The beam was divided into 10 evenly spaced
elements, and an accelerometer was placed at each node as described in Fig. 2.8 (no accelerometer
was placed at the root). The beam was excited at each node with an impact hammer, and 4 averages
were taken at each node. From the 100 total transfer functions, the 10 mode shapes, modal damping
factors, and natural frequencies were obtained and used to update the FEM and Assumed-Modes
models. Figure 2.12 shows one of the best fitted FRFs, where the forcing is applied at node 2 and
the response is measured along the beam at the 10 accelerometers. In the FEM model the mode
shapes were used to update the mass and stiffness matrices, and modal damping was used for the
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damping matrix. In the Assumed-Modes method the analytical natural frequencies were replaced
with the measured ones.
Parameter Value
Samping Frequency, fs 8192 Hz
Bandwidth 3200 Hz
∆ frequency 0.125 Hz
Acquisition Time 8 sec
Pretrigger 0.5%
Trigger value 0.05V
Table 2.3: Experimental setup. Parameters used to setup the m+p International data acquisition
system.
2.4.2 Assumed-Modes Method Model Updating
The equation of motion for the cantilever beam was obtained assuming an Euler-Bernoulli beam.
The actual beam, although very close, does not satisfy those properties entirely, and some model
updating is necessary. In the Assumed-Modes method the undamped natural frequencies are re-
placed by the damped measured natural frequencies without changing the mode shapes. One could
say that the final model is hybrid, something between the analytical and the physical system. This
way of updating the model greatly improved the agreement between the simulated and measured
responses. Since the energy dissipation in the system due to impacts is modeled using viscoelastic
elements, where the force equations are balanced, it is crucial that the linear system be closely
matched to get reasonable results. Bear in mind that point-wise convergence is not the goal of
this work; rather the goal of this work is to capture the impacts and the transitions of the system
between its linear and nonlinear dynamics.
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2.4.3 FEM Direct Model Updating
Just as with the assumed modes method, the FEM model also needs to be updated to better match
the experimental results. The FEM model was updated using a direct method employing modal
data [4]. The mode shapes were obtained using the m+p International system with Smart Of-
fice software, which, through a polynomial fit, obtains an approximation for the modal damping
coefficients, natural frequencies, and mode shapes, giving
M =Ma+MaΦmM¯−1a (I− M¯−1a )M¯−1a ΦTmMa
¯where Ma =ΦTmMaΦm
K = Ka−KaΦmΦTmM−MΦmΦTmKa+MΦmΦTm+KΦmΦTm+MΦm∆ΦTmM
Ma and Ka are the analytical mass and stiffness matrices
φm is the measured flexible eigenvector matrix
∆ is the diagonal matrix of the measured eigenvalues
The direct model updating method has the benefit that it does not require any iteration to
get good results, but since the degrees of freedom are so few (only 10 due to the limitation in
the experiment) the system is not approximated very well and, hence, the agreement between the
simulation and the experiment for the linear case is not satisfactory. Other iterative methods were
also implemented to see if the model could be updated, but the results were not good enough to
justify the time involved in getting results that were still not better than those obtained with the
Assumed-Modes method, after updating the natural frequencies.
21
Section 2.5 Updated Model Results
2.5 Updated Model Results
To further validate the linear model, several simulated impulse responses were compared with ex-
perimental data. In particular, responses measured close to where the rigid stops are located as
shown in Fig. 2.9. These correspond to acceleration, velocity and displacement at 1.048m and
1.179m from the beam root. Also, the displacement and velocity measured at the beam tip, re-
spectively, with a very carefully calibrated laser displacement sensor and a laser vibrometer, were
compared mostly to validate the integration scheme used to get displacement data from acceler-
ation. Comparing directly measured displacement and velocity confirms that the high pass filter
used on the acceleration, before numerically integrating through the trapezoidal rule to get velocity
and displacement, does not alter the signal. For the time series data the accelerometers were placed
in the configuration described in Fig. 2.8; later, accelerometers 8 and 9 were moved farther apart
in order the modify setup for the vibro-impact.
Wavelet transforms are also shown in order to better understand how and where the energy
is dissipated in the system. This will be very useful when nonlinearities are introduced via the rigid
bumpers (impacts).
2.5.1 Time Series Results
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Figure 2.9: Forcing function (a) and its power spectral density (b). Forcing applied at 0.4m from
the root.
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Figure 2.10: Experimental displacement (a) and velocity (b) vs. simulated displacement (a) and
velocity (b). Experimental data as measured with “LDS” (displacement) and “PLV” (velocity) at
the tip of the beam. “Exp Calculated” is the signal obtained after applying a high pass filter before
numerically integrating the acceleration signal through the trapezoidal rule.
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Figure 2.11: Displacement at x = 1.052m (a) and at x = 1.215m (b). Velocity at x = 1.052m
(c) and at x = 1.215m (d). Close ups of c and d (e,f). Acceleration at x = 1.052m (g) and at
x= 1.215m (h). Close ups of g and h (i,j). 24
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2.5.2 Frequency Response Functions
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Figure 2.12: FRFs results from node 2 to nodes 1-10 from assumed mode method, original and
updated vs. experimental.
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2.5.3 Wavelet Transforms
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Figure 2.13: Time series WTs, experimental vs. simulated results. Displacement (a,b), velocity
(c,d) and acceleration (e,f) at x = 1.215m. Experimental results on the left and simulated results
on the right.
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2.5.4 Discussion
The time series simulated results closely match the measured responses. The integration scheme
is checked against the displacement, measured directly with the LDS, and the velocity, measured
with the PLV. Two key beam displacement locations on the beam are also shown in Fig. 2.11; these
are points before and after the stop impact with the beam. It is important to know that the linear
results at these locations are correct since this will be where the displacement will be measured
when the vibro-impacts are introduced.
The FRF result, after model updating, also agree well with the experimental results. There
is some discrepancy in the FRFs from accelerometers 1 and 2, but at these locations the displace-
ment of the beam is very small, and it is hard to retrieve the frequency response of the system.
The wavelet transforms of acceleration, velocity and displacement all seem to agree with
the simulated results. There is no point wise convergence between the two, but the overall energy
content and duration follow the same trend.
(a) (b)
Figure 2.14: LSD, PLV and accelerometer, all placed very close to the free end of the beam to
acquire the time series data (a). Fixed end of the beam (b).
27
Section 2.6 Conclusions
2.6 Conclusions
From the time series data it is clear that the Assumed-Modes method is able to approximate
the linear system better than the FEM model. Using ten degrees of freedom in the FE model proves
to achieve reasonable accuracy. The first few natural frequencies of the beam are approximated
very well by the FE method after updating, but from the wavelet transforms of the nonlinear data,
we see that higher modes really come into play. Thus, it is crucial that these are modeled accurately.
For this reason the Assumed-Modes method was chosen as the preferred method to be used in the
simulation of the beam with vibro-impacts.
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Chapter 3
Modeling of the Cantilever Beam with
Vibro-impacts
3.1 Overview of the System
In this chapter the nonlinear system will be introduced, and the impact detection algorithm
will be validated through comparison with experimental data. The nonlinearities in the system
due to the impacts are simulated as clearances. A clearance refers to the space between the stiff
stops and the beam. To better understand what the dynamics of the beam are, think of the overall
system has having three possible scenarios to represent its position at each instant of time. Assume
that the beam starts at rest, and two stops are placed ∆ mm away from each side of the tip of the
beam. Impulsive force applied somewhere along the length of the beam will cause the beam to
start vibrating with some velocity. If the impact is weak, the tip of the beam will not displace
enough to reach the right or left stop, and the beam will vibrate in a fixed-free configuration, case
b in Fig. 3.1b. If the impulse is strong, then the beam will displace enough to contact either the left
or the right stop, depending on the direction and location of the impulse. If the beam impacts the
right stop then the system is described by case c in Fig. 3.1c. If the beam impacts the left stop then
the system is described by case a in Fig. 3.1a. After sufficient energy is dissipated by impacts, no
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further contacts with the barriers will occur, and the beam will vibrate in its fixed-free state until it
comes to a complete stop.
(a) (b) (c)
Figure 3.1: Case when the beam is in contact with the left stop (a). Fixed-free case (b). Case when
the beam is in contact with the right stop (c).
u(x, t) = beam displacement
∆R = initial clearance between beam and right stop
∆L = initial clearance between beam and le f t stop
P(t) = external f orcing
3.2 Stop Model
The stop, or bumper, is modeled as the grounded spring-damper assembly shown in Fig. 3.2. The
linear beam with stiffness k is connected in parallel with a damper with viscous damping coefficient
c.
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Since the velocity of the beam will not necessarily be equal to zero when the beam comes
into contact with the damper, the force from the damper will generally not start at zero but rather
with an offset, whereas the spring force always rises from zero.
Figure 3.2: Model used to simulate the stiff stop. The drawing on the left is the system with the
beam and the stop having clearance ∆ . In the drawing on the right the beam has come into contact
with the stop, and has penetrated by ε .
3.3 Force Balance Equations
Referencing the Sturm-Liouville problem discussed earlier, the force balance equations for the
three cases described in the above sections are:
Case a
When u(x, t)< ∆L, the sum of the external forces is:
∑Fext = p(t)δ (x− xp)+ k(∆L−u(xi, t)δ (x− xi))+ cu˙(xi, t)
where xp is the external impulse location on the beam, xi is the location where the beam
and stop contact, φs is the sth mode shape, δ is the Dirac delta function, ∆L is the clearance between
the beam and the left stop and c and k are the damping and stiffness coefficients for the stop.
The force balance equation is given by:
q¨s(t)+2ζsωsq˙s(t)+ω2s qs(t) =
1
ρA
(p(t)φs(xp)+φs(xi)(k(∆L−u(xi, t))+ cu˙(xi, t))
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where s = 1,2, ...,N, and q¨s(t), q˙s(t), qs(t) are the acceleration, velocity and displacement in
generalized coordinates.
Case b
When ∆L < u(x, t)< ∆R, the sum of the external forces is given by
∑Fext = p(t)δ (x− xp)
q¨s(t)+2ζsωsq˙s(t)+ω2s qs(t) =
1
ρA
p(t)φs(xp)
where s= 1,2, ...,N.
Case c
When u(x, t)> ∆R, the sum of the external forces is
∑Fext = p(t)δ (x− xp)+ k(∆R−u(xi, t)δ (x− xi))+ cu˙(xi, t)
where ∆R is the clearance between the beam and the right stop, and c and k are the damping and
stiffness coefficients for the stop, respectively.
The total force balance equation is:
q¨s(t)+2ζsωsq˙s(t)+ω2s qs(t) =
1
ρA
(p(t)φs(xp)+φs(xi)(k(∆R−u(xi, t))+ cu˙(xi, t))
where s = 1,2, ...,N, and q¨s(t), q˙s(t), qs(t) are the acceleration, velocity and displacement in
generalized coordinates.
3.4 State-Space Formulation
Using a state-space representation for the purpose of computing the solution of the system
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gives a set of equations suitable for the numerical integration [11].
Choosing the state variables such that

y2N−1 = qN
y2N = q˙N
yields the following vector fields to be integrated for each case:
Case a

y˙1
y˙2
y˙3
y˙4
.
.
.
y˙2N−1
y˙2N

=

y2
1
ρA(p(t)φ1(xp)+ k(∆Lφ1(xi)−u(xi, t)φ1(xi))+ cφ1(xi)y2−2ζ1ω1y2−ω21y1
y4
1
ρA(p(t)φ2(xp)+ k(∆Lφ2(xi)−u(xi, t)φ2(xi))+ cφ2(xi)y4−2ζ2ω2y4−ω22y3
.
.
.
y2N
1
ρA(p(t)φN(xp)+ k(∆LφN(xi)−u(xi, t)φN(xi))+ cφN(xi)y2N−2ζNωNy2N−ω2Ny2N−1

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Case b

y˙1
y˙2
y˙3
y˙4
.
.
.
y˙2N−1
y˙2N

=

y2
1
ρA p(t)φ1(xp)−2ζ1ω1y2−ω21y1
y4
1
ρA p(t)φ2(xp)−2ζ2ω2y4−ω22y3
.
.
.
y2N
1
ρA p(t)φN(xp)−2ζNωNy2N−ω2Ny2N−1

Case c

y˙1
y˙2
y˙3
y˙4
.
.
.
y˙2N−1
y˙2N

=

y2
1
ρA(p(t)φ1(xp)+ k(∆Rφ1(xi)−u(xi, t)φ1(xi))+ cφ1(xi)y2−2ζ1ω1y2−ω21y1
y4
1
ρA(p(t)φ2(xp)+ k(∆Rφ2(xi)−u(xi, t)φ2(xi))+ cφ2(xi)y4−2ζ2ω2y4−ω22y3
.
.
.
y2N
1
ρA(p(t)φN(xp)+ k(∆RφN(xi)−u(xi, t)φN(xi))+ cφN(xi)y2N−2ζNωNy2N−ω2Ny2N−1

These systems of equations are suitable for numerical integration in MATLAB R© and
ode23s solver was used to integrate the set of equations. When a system has a Jacobian matrix
that is nearly singular, this is referred to as a stiff system. Since the system of equations being
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integrated switches between linear, which converges quickly, and nonlinear, where the solution
sometimes the solution diverges, ode23s was used because it is able to detect this behavior and
decrease the time step size accordingly.
3.5 Algorithm
To detect the beam going into and out of contact with the stops, event functions are used.
The algorithm looks for particular events and then calls a function that evaluates one of the vector
fields described in the state space representation.
First, a set of initial conditions for the beam is given; then the algorithm determines where
the beam is, i.e. vibrating free, or if it is in contact with one of the stops. If the beam is free, the
algorithm F f ree.m (Appendix A) integrates the vector field, described in Case b, until a contact
event is detected. If the beam displacement is larger than the initial position of the stop, ∆R, on
the right, then the beam is in contact with the right stop and function FcontR.m (Appendix A) is
integrated. If the beam displacement minus the initial position of the left stop is negative, then
the beam is in contact with the left stop and the function FcontL.m (Appendix A) evaluates the
vector field in Case a. If the beam displacement is equal to the initial position of either stop, the
algorithm checks in which direction the beam is moving in order to determine if the beam is going
to penetrate the stop or if it is leaving the stop.
For positive beam displacement, the velocity of the beam is positive, and the beam is en-
tering contact. For negative beam displacement, the velocity will be negative and the function
FcontL.m is used to evaluate the vector field inCase a. If the velocity of the beam is zero then the
algorithm checks for the acceleration of the beam to determine which vector field to evaluate. With
positive acceleration, the beam enters in contact and for negative acceleration exits the contact and
enters the fixed-free state. If the acceleration of the beam is zero then the algorithm stops; which
corresponds to the beam being at rest. Each time the algorithm switches vector fields, the state and
the last time step of the integrator is used as the new initial condition.
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Figure 3.3: Flowchart describing the impact detection algorithm.
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3.6 Convergence Study
In Chapter 2, a convergence study was performed to determine the number of modes neces-
sary to accurately describe the beam deformation for the linear system. Here, another convergence
study is done for the impacting system in order to determine the number of modes needed as the
stiffness of the stop is varied. In this study, the damping used in the model of the stop is set to
zero, and the stop is assumed to be a linear spring. The clearance was set to 6.5 mm, and the
spring stiffness was varied: 1e4, 1e5 and 1e6 Nm . Once again 9 to 17 (increasing by 2 each time)
modes are considered in order to evaluate the convergence of the displacement of the beam at the
tip and also to evaluate the convergence of the time of impact. The results are shown in Fig. 3.4.
Horizontal lines represent the clearance between the beam and the springs; vertical lines are the
times of impact.
3.6.1 Discussion
From Fig. 3.4 there is a clear improvement in accuracy using 11 modes. There is no benefit
at this point from using more than 11 modes, and since only 10 modes were determined for the
linear system, this is the number used for the vibro-impact system. Notice from Fig. 3.4 that there
is chatter after the beam comes in contact with the stop. This is due to the lack of dissipation
in this study; once damping is added to the model, the chatter is minimized and sometimes even
eliminated.
The results also show that with higher stop stiffness, k, the penetration of the beam into
the stop decreases as expected, another indication that the algorithm is working correctly. We
also observe the decrease in impact force with the stop with time. This is expected, as energy
dissipation is currently only due to the damping of the beam.
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Figure 3.4: Displacement at the tip of the beam, 6.5 mm clearance and spring stiffness of 1e4 Nm
(a), 1e5 Nm (e), 1e6
N
m (i). Force due to the spring being compressed when it is in contact with the
beam, clearance 6.5 mm, stiffness 1e4 Nm (c), 1e5
N
m (h), 1e6
N
m (k). Right column shows close-ups
of time segments from the left.
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3.7 Experimental and Simulated Setup
3.7.1 Experimental Setup
In the following sections, the experimental setup for the impacting system is introduced, and gen-
erally the time series and wavelet transform for both experiment and simulation will be presented
and discussed. There are three different setups used to verify the model of the nonlinear system
and validate the impact detection algorithm. The basic setup is the same for all tests. A modal
hammer, PCB model 086C03, was used to impact the beam, and the response was measured at 10
points along the beam as shown in Fig. 3.6, using piezoelectric transducers as listed in Table 3.1.
The hammer impact blow was manually applied at approximately 0.4 m from the root of the beam.
The location was measured after each blow and recorded, and this same value was used in the
simulated system [14]. The data acquisition was performed using Smart Office software from m+p
International and with data from Matsushita laser displacement sensors, model ANL2500A, with
LM100 power supply. In each of the three cases the forcing function was corrected for leakage
charge and then used directly as the input in the simulated system. In the simulated system the
experimental forcing function was interpolated (Appendix B) for time steps not captured by the
data acquisition system. To reduce the computational time, the experimental forcing function was
reduced from 8 seconds (acquisition time) to a few milliseconds. This way, the interpolation was
performed only when the forcing function was not zero. The time step used for the integration and
for the interpolation was set by MATLAB’s ode23s integrator. In order to facilitate postprocessing,
simulated data were extracted at the experimental sampling times.
The setup shown in Fig. 3.5 was used to obtain the experimental data for the beam with
vibro-impacts. The clearance between the beam and the stops was varied from 4 mm to 0.5 mm
using a stiff stop as shown in Fig. 3.22a. A total of 10 accelerometers, placed approximately
131 mm apart, were used to measure the response of the beam. Accelerometer 9 was placed about
2 cm away from the impact point, and a laser displacement sensor was placed about 5 cm behind
the impact point.
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Figure 3.5: Linear beam with 10 accelerometers and a Laser Displacement Sensor (LDS).
Figure 3.6: Cantilever beam with 10 accelerometers, LDS (1230 mm) and forcing location (0.4 m).
Transducer # Model s/n Sensitivity Location on the beam(meters from the root)
Hammer PCB 086C03 22999 2.204mV/N 0.4
accel1 PCB 353B65 20431 10.03mV/m/s2 0.131
accel2 PCB 353B15 20006 1.072mV/m/s2 0.263
accel3 PCB 353B15 20007 1.1mV/m/s2 0.395
accel4 PCB J353B17 110504 0.963mV/m/s2 0.527
accel5 PCB 353B17 20233 1.009mV/m/s2 0.657
accel6 PCB 353B17 87544 1.083mV/m/s2 0.787
accel7 PCB 353B17 132121 1.056mV/m/s2 0.917
accel8 PCB 353B15 118155 1.117mV/m/s2 1.052
accel9 PCB 353B15 118154 1.093mV/m/s2 1.215
accel10 PCB 353B16 118651 0.974mV/m/s2 1.311
Load cell Right PCB 208C02 11865 11241mV/kN 1.185
Load cell Left PCB 208B03 11995 2248mV/kN 1.185
LDS ANL2500A 4041048 2mm/V 1.2303
Table 3.1: Sensors and their locations along the beam.
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3.7.2 Simulated Setup
Once an experiment was completed, the experimentally measured parameters were used in the
simulated system. This means that the measured force pulse was corrected for charge leakage
across the piezoelectric element [14] and then interpolated using the function f orce.m (Appendix
B). The forcing location was measured after the acquisition had terminated. From observations
done during experiments and comparison to simulated results, it was determined that it is important
to have a precise knowledge of where the beam is forced for successful agreement between the
experimental and simulated results. To know where the impact is applied each time, masking tape
was applied on the beam in the approximate region of 0.4 m from the root. Once the beam was
impacted, the hammer left a round mark in the tape and the distance between the root of the beam
to the center of the hammer tip mark was measured and used as the impact location in the simulated
system.
Since there is no way to experimentally measure the stiffness of the stop, an initial guess
was assumed and then, systematically, the value was reduced or increased until the experiment and
simulation results matched (visually). The same approach was used for the damping coefficient.
Table 3.2 shows the final parameters used for damping and stiffness for the three cases.
Case Stiffness, k (N/m) Damping, c (Ns/m)
I 9e6 400
II 5e7 1000
III 5e6 200
Table 3.2: Stiffness and damping values used for the simulated results.
3.7.3 Data Processing and Tools
The data acquisition system gives acceleration data. Displacement is desired for the anal-
ysis of the system, so the data needs to be integrated twice to obtain displacement. Since initial
transients, which occur right after the impact is applied, are the crucial characteristics that need
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to be analyzed, it is very important that the integration and filtering of the experimental data not
destroy this information. The integration scheme used to obtain all the experimental time series
data follows.
To estimate velocity from the acceleration, numerical integration by the trapezoidal rule
was performed. Next, the integrated signal was mirrored over the zero time axis to produce a
signal that was twice the original length. This modified signal was then filtered using a high-pass,
third-order Butterworth filter with a cutoff frequency smaller then the Nyquist frequency. The
modified signal limits the windowing effects of the filter to the end of the signal, while preserving
the dynamics at the beginning. From the modified and filtered signal, the portion from t = 0 to
t = tend can then be extracted [6]. The same procedure was used to obtain displacement data from
velocity. The integration was performed on data sampled at 8192 Hz. To verify the accuracy of
the integration and filtering, the setup in Fig. 3.7 was used to obtain acceleration data with an
accelerometer placed opposite to the laser displacement sensor. Here, the displacement data from
the LDS and the velocity from the Polytech Laser Vibrometer (PLV) , are the true, unprocessed
displacement and velocity at the tip of the beam and are used to compare integrated and filtered
displacement data.
In Fig. 3.8 are the results comparing displacement data (LDS) and velocity data (PLV) with
numerically integrated acceleration data (EXP Calculated). There is a small discrepancy between
the measured and calculated displacement data at the beginning of the signal, but later the two
results converge very well. This is due to the value of the cutoff frequency used for the filter as well
as the filter order. Although the scheme works well for the point shown in Fig. 3.8, it is necessary
to note that, in order to obtain more accurate results (i.e. better match between experiment and
simulation), each acceleration data set needs to be considered individually, meaning that the same
cutoff frequency and filter order cannot be used for each clearance and impact case.
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Figure 3.7: Setup used to acquire displacement data with LDS, velocity data with Polytech Laser
Vibrometer (red dot) and acceleration data with PCB accelerometers
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Figure 3.8: Experimental vs. simulated displacement (a) and velocity (b). Displacement data mea-
sured with “LDS” and velocity data measured with “PLV” at the tip of the beam. “Exp Calculated”
is post-processed experimental data.
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3.7.4 Data Analysis Tools
3.7.4.1 Time Series Data
The benchmark for good and bad results was defined as how well the time series of the
simulated results matched the experimental data. Experimental time series were obtained from
measured acceleration, and calculated velocity and displacement. From simulation, time series
were obtained by solving the system of differential equations. In the linear case, there was not
point-wise convergence, but the correspondence between experiment and simulation was remark-
ably good when visually compared. In the nonlinear case, correspondence was less impressive but
overall behavior was similar. From the load cells, the external forces acting on the beam could be
compared with simulation over time. A decay in the forcing should be observed, and the number
of times the beam comes in contact with the stops should decrease over time and increase with
smaller clearance, assuming the impact force is approximately the same for each clearance. The
acceleration data along the beam is also compared to make sure that the simulation is capturing the
correct behavior along the length. Velocity data could also be compared, but from experience these
results don’t give additional insight beyond displacement and acceleration. One sample case will
be shown to prove that the algorithm works and that the codes correctly calculate the velocities of
the beam.
3.7.4.2 Wavelet Transforms
As mentioned earlier, the transient response of the beam with vibro-impacts is very com-
plicated. This means that the dominant frequencies of the structure vary over time and they might
not always correspond to the natural frequencies of the linear beam.
Since the system being analyzed is characterized by discontinuities and strong transient be-
haviors where the energy of the system shifts continuously across frequencies, it is very important
to see where the energy moves as time progresses. To observe this behavior the Morlet wavelet
transform is used. This is a further validation technique to confirm that the model correctly captures
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the nonlinear behavior of the system.
3.8 Vibro-Impact Results: Simulated vs. Experimental
3.8.1 Case 1: Impacts with Force Transducers
In this configuration the stops take the form of 2 load cells. These are rigidly mounted on
two stainless steel blocks that are themselves bolted to two bigger steel blocks bolted to an optical
table, Fig. 3.9. To adjust the clearance between the beam and the stop, two side set screws were
used to slide the stainless steel blocks. The LDS was used to measure the clearance between the
beam and the load cells. Once the desired clearance was reached, everything was bolted down
tight, and the clearances were remeasured to make sure they did not change due to tightening the
bolts.
This setup proved very useful because it helped measure accurately the exact time the beam
and load cells came into contact, and also to observe how the force from each impact evolved over
time.
(a) (b)
Figure 3.9: Setup with load cells as stop (a). Tip of the beam with accelerometers 9, 10, LDS and
impact posts (b).
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3.8.1.1 Parameter Study of Impact Location
To demonstrate the sensitivity of the model, the impact location was assumed in the model to be
the distance between the beam root and the leading edge (edge closest to the root) of the load cell
when it is in full contact with the beam. It was observed that if the impact was assumed to be a
few millimeters behind the leading edge, the results varied in the sense that the experimental data
did not match as well with the simulation. An example is shown in Fig. 3.10. For this study, the
impact point was varied between 1.185 m and 1.19 m. Results in Fig. 3.10 show that a 1.185 m
impact point results in a better match with experimental results. In other clearance cases, other
values could be better, but 1.185m was used for the simulation since it would be time consuming
to try to determine all possible values, and point-wise convergence was beyond the goal of this
thesis.
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Figure 3.10: Experimental vs. simulated displacement results with varying impact location for
simulated data.
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3.8.1.2 Time Series Data
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Figure 3.11: Forcing applied at 0.4 m from the root (a). PSD of the forcing functions with soft tip
hammer (b).
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Figure 3.12: LDS displacement vs. simulated displacement at 1.23 m from the root. Clearance
4 mm (a), 2 mm (b), 1 mm (c) and 0.5 mm (d). Horizontal black lines represent the location of the
stop.
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Figure 3.13: Force measured with the load cells vs. simulated force at 1.185 m from the root.
Clearance 4 mm (a), 2 mm (b), 1 mm (c) and 0.5 mm (d).
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Figure 3.14: Displacement of the beam for 4 mm clearance. Horizontal black lines represent the
location of the stop.
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Figure 3.15: Velocity of the beam for 4 mm clearance.
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Figure 3.16: Acceleration of the beam for 4 mm clearance.
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Figure 3.17: Displacement of the beam for 2 mm clearance. Horizontal black lines represent the
the location of the stop.
53
Section 3.8 Vibro-Impact Results: Simulated vs. Experimental
−2000
2000
−2000
2000
−2000
2000
−2000
2000
Ac
ce
ler
at
ion
 [m
/s2
]
−2000
2000
−2000
2000
−2000
2000
0 0.2 0.4 0.6 0.8 1
−2000
2000
time [sec]
 
 
sim exp
Figure 3.18: Acceleration of the beam for 2 mm clearance.
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Figure 3.19: Displacement of the beam for 1 mm clearance. Horizontal black lines represent the
the location of the stop.
55
Section 3.8 Vibro-Impact Results: Simulated vs. Experimental
−2000
2000
−2000
2000
−2000
2000
−2000
2000
Ac
ce
ler
at
ion
 [m
/s2
]
−2000
2000
−2000
2000
−2000
2000
0 0.2 0.4 0.6 0.8 1
−2000
2000
time [sec]
 
 
sim exp
Figure 3.20: Acceleration of the beam for 1 mm clearance.
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3.8.1.3 Wavelet Transforms
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Figure 3.21: Acceleration measured at 1.25 m from the root. Clearance 4 mm, 2 mm, 1 mm and
0.5 mm experimental WT left and simulated WT on the right.
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3.8.1.4 Discussion
From the results it is possible to observe the agreement between the experimental and sim-
ulated data. The best results seem to be for about 0.2 mm clearance up to 0.2sec. The acceleration
data also seems to follow the same trend. For larger clearances, the acceleration attenuates faster,
whereas for smaller clearances the acceleration has a longer duration but smaller amplitudes. The
force plots also agree well. There is no point-wise convergence between the data sets, but the
pattern is clear and confirms that the algorithm correctly predicts the impacts though with a slight
time shift.
3.8.2 Case 2: Stiff Impacts
In this setup, the load cells are removed, and the stainless steel blocks are turned around
and used as the rigid stop, Fig. 3.22. Here, the impact is very stiff in order to minimize some of
the dynamics caused by the stop and only capture those of the beam due to the impacts. The setup
in Fig. 3.22a and Fig. 3.22b shows the stiff impacts. The same procedure used with the load cells
was used here to set and measure the clearances.
(a) (b)
Figure 3.22: Post used as stop (one on each side of the beam ) (a). Tip of the beam with accelerom-
eters 9,10, LDS and impact posts (b).
There are two different forcing functions used to excite the beam. They are both hammer
tests, but one involves a hard tip and the other a rubber tip, as shown in Fig. 3.24a and Fig. 3.24b.
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The power spectral density for each forcing configuration is shown, and from here it is obvious
that higher modes are being excited and those are not modeled; this is where some discrepancies
arise when comparing the simulated and experimental results.
3.8.2.1 Quick Parameter Study on Stiffness
As mentioned earlier, the stiffness and damping parameters from the stop model were initially
estimated and then varied to match the experimental results. Below is shown a quick parameter
study for the stiffness constant k. The damping term was set to zero for these results. The stiffness
was varied from 5e5 Nm to 5e9
N
m , and two clearance cases were considered, 4 mm and 2 mm. From
the graphs there is an obvious sensitivity to this parameter, and 5e7 Nm was chosen as the better fit.
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Figure 3.23: Simulated beam displacement at LDS location for varying impact stiffness k. Clear-
ance for this simulation was set to 4 mm (a) and 2 mm (b). Simulated with hard tip hammer forcing
function.
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3.8.2.2 Time Series Data with Hard Tip Hammer
(a) (b)
Figure 3.24: Impact hammer with hard tip (a) and rubber tip (b).
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Figure 3.25: Forcing applied at 0.4 m from the root (a). PSD of the forcing functions with hard
tip hammer (b).
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Figure 3.26: Forcing applied at 0.4 m from the root (a). PSD of the forcing functions with rubber
tip hammer (b).
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Figure 3.27: LDS displacement vs. simulated displacement at 1.23 m from the root. Clearance
4 mm (a), 2 mm(b), 1 mm (c), 0.5 mm (d) and 0.25 mm (e). Horizontal black lines represent the
location of the stops.
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Figure 3.28: Displacement of the beam for 4 mm clearance. Horizontal black lines represent the
location of the stops.
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Figure 3.29: Acceleration of the beam for 4 mm clearance.
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Figure 3.30: Displacement of the beam for 2 mm clearance. Horizontal black lines represent the
location of the stops.
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Figure 3.31: Acceleration of the beam for 2 mm clearance.
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Figure 3.32: Displacement of the beam for 1 mm clearance. Horizontal black lines represent the
location of the stops.
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Figure 3.33: Acceleration of the beam for 1 mm clearance.
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Figure 3.34: Displacement of the beam for 0.5 mm clearance. Horizontal black lines represent the
location of the stops.
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Figure 3.35: Acceleration of the beam for 0.5 mm clearance.
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3.8.2.3 Wavelet Transforms with Hard Tip Hammer
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Figure 3.36: Acceleration measured at 1.25 m from the root. Clearance 4 mm, 2 mm, 1 mm and
0.5 mm experimental WT left and simulated WT on the right.
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3.8.2.4 Time Series Data with Rubber Tip Hammer
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Figure 3.37: LDS displacement vs simulated displacement. Clearance 4mm (a) and 2mm (b).
3.8.2.5 Discussion
The best case, again, seems to be for about 0.2 mm clearance up to 0.2sec. The acceleration data
seems to follow the same trend. For larger clearances, the acceleration attenuates more quickly,
whereas for smaller clearances the acceleration exhibits longer duration but smaller amplitude.
From these results it is interesting to note the better agreement for data obtained from using the
impact hammer with a rubber tip. These improvements are especially obvious from wavelet trans-
form plots.
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3.8.2.6 Wavelet Transforms with Rubber Tip Hammer
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Figure 3.38: Acceleration measured at 1.25 m from the root. Clearance 2 mm and 4 mm. WT from
experimental acceleration data (left). WT from simulated acceleration (right).
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3.8.3 Case 3: Flexible Impacts
In this setup a pair of aluminum plates were used as stops. The aluminum plates are thinner
than the stainless steel plates and flex during impact.
(a) (b)
Figure 3.39: Setup with load cells as stops (a). Tip of the beam with accelerometers 9,10, LDS and
impact posts (b).
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Figure 3.40: Forcing applied at 0.4 m from the root (a). PSD of the forcing functions with hard
tip hammer (b).
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3.8.3.1 Time Series Data
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Figure 3.41: Displacement of the beam for 4 mm clearance. Horizontal black lines represent the
impact location. 75
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Figure 3.42: Acceleration of the beam for 4 mm clearance.
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Figure 3.43: Displacement of the beam for 2 mm clearance. Horizontal black lines represent the
impact location.
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Figure 3.44: Acceleration of the beam for 2 mm clearance.
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Figure 3.45: Displacement of the beam for 1 mm clearance. Horizontal black lines represent the
impact location.
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Figure 3.46: Acceleration of the beam for 1 mm clearance.
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3.8.3.2 Wavelet Transforms
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Figure 3.47: Acceleration measured at 1.25 m from the root. Clearance 4 mm, 2 mm, and 1 mm
experimental WT left and simulated WT on the right.
3.8.3.3 Discussion
In this last setup, for flexible impacts, the results seem to be inconsistent. There is good agreement
between experiment and simulation for the 2 mm clearance case, but for the rest of the series, data
do not match well. The wavelet transforms also show that the simulation does not capture some of
the dynamics measured in the lab. In the experimental results the higher modes seem to be excited
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and then go away only to reappear a few milliseconds later; this behavior is not observed in the
simulations.
3.9 Conclusions
The three cases presented above all compare the model of the beam with vibro-impacts to exper-
imental results. For each case, different useful information is gathered about the model. From all
three cases it is clear that the dynamics of the vibro-impact system is very complicated, and the
simplified model does not capture all of the characteristics of the system. From the two different
types of impact, rubber tip and hard tip hammer, it can be observed that the higher frequencies
of the system are not modeled and result in some of the discrepancies between the simulation
and experiment. Overall, the algorithm used to detect the nonlinearities proved to correctly pre-
dict the impacts, and even though there is no point-wise convergence between the simulation and
experiments, the overall trends in the time series as well as in the wavelet transforms are similar.
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Chapter 4
Summary and Recommendations for Future
Work
4.1 Summary
The goal of the work described in this report was to create and validate a model for a cantilever
beam with vibro-impacts. The model was simulated using MATLAB R©, and numerical results
were validated through comparison with experimental data. First, the linear Euler-Bernoulli beam
was modeled using a finite Ritz series with 10 eigen modes, then simulated and updated using
experimental data. The linear model was updated by modifying the natural frequencies of the beam
to match those of the physical system. After an accurate model of the linear system was achieved,
the stiff stops were introduced and modeled as grounded spring-dampers. The nonlinearities in the
system came from the non-smooth transition from the non-contact case to the contacting case. The
clearance between the beam and the stop was varied from 4mm to 0.5mm in simulation and in the
experimental setup.
The vibro-impact model is very simple and does not account for some of the dynamics
in the system. To validate the impact detection algorithm and the accuracy of the results, three
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different cases were considered. In case 1, the impact was obtained through the use of two rigidly
mounted load cells. In this setup it was possible to observe when the impacts occurred and how
they evolved over time. Even though there was no point-wise convergence between simulated and
experimental results, the overall trend is remarkably similar, meaning that the number of impacts
increased as the clearances decreased and that the intensity of the impacts decreased as time pro-
gressed. In case 2, the stiff impact was obtained through the use of two solid steel blocks. In this
case the displacement and acceleration time series are in very good agreement up to about 0.2 sec.
After that the two signals start to deviate (shift) and then come back together again (and so on for
the duration of the signal), particularly for the 2 mm clearance. There is no clear reason why this
particular clearance provides better results than the rest, except that perhaps the parameters used
are best suited for this clearance (remember that the same parameters, stiffness and damping from
the stop model, were used for each clearance case). To further show how some of the higher modes
of the beam are not modeled in the simulated system, two different impulse excitations were used.
They are both hammer tests, but one involves a rubber tip hammer, and the other, a hard tip ham-
mer. With the hard tip hammer, higher frequencies are excited in the physical system that are not
modeled. In this case, as in case 1, for 2 mm clearance the simulated and experimental time series
results gave the best match. In the last setup, the stop was obtained through a flexible, thin piece of
aluminum. During the impacts, the aluminum plates flexed, and more complicated dynamics arose
that were not modeled. Thus, there is a greater discrepancy between experimental and simulated
results.
In validating the model, the wavelet transforms were also compared. Through the wavelet
transforms it is possible to observe how the energy in the system is spread and dissipated over time.
Looking at the acceleration wavelet transforms, there is an excitation of the higher modes when
vibro-impacts are introduced in the system. Once again, there is no point-wise convergence be-
tween the experimental and simulated response, but the overall trend of higher frequency excitation
is present in both the model and the physical system.
From the time series and wavelet transfrom comparisons, it was possible to validate the
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model of the beam with vibro-impacts. It is important to know that the simulation of the model is
sensitive to integration time step and critical parameters such as impact location, forcing location,
and energy dissipation due to the spring-damper in the stop. If the spring-damper parameters are
too high, the simulation encounters numerical error, and the solution blows up. The author found
that values for damping below 1000 Nsm were acceptable in order to get a solution. The forcing
and impact location are also critical in order to get better convergence between the model and the
physical system. Good experimental setups and book-keeping are critical to obtain good results.
4.2 Future/Ongoing work
Since the validation of the model, the MATLAB R© code has been used by professor Young
Lee at New Mexico State University to simulate various vibro-impact systems. A more detailed
study is being performed where the forcing and clearance are changed carefully to see when the
separation between the smooth and nonsmooth components of the time series signal occur.
The system presented in this report was intentionally simplified to provide a model to val-
idate tools developed for the signal decomposition. If a more realistic system is to be analyzed,
then the model will need to account for more complicated dynamics. For example, the vibro-
impact model can be extended to account for stops that are not stiff, but have some flexibility to
them, like the case 3 setup. A more realistic model also might include stops with masses that are
free to move, as described in Fig. 4.1.
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Figure 4.1: System with stops with mass not grounded. Cm and Km are the damping and stiffness
coefficients associated with the stop, Cr is the damping due to the linear bearings, xm is the dis-
placement of the mass, xb is the displacement of the beam, and xi is the clearance between the mass
and the beam.
Once a more accurate model of the system is simulated and validated, the next step will be
to apply the same tools used to decompose the time series signal as done in the simplified system,
and to check that these still work. If need be, these tools will need to be updated to account for
the new dynamics. The hope is to develop the best tools possible in order to detect in real time the
presence of discontinuities or nonlinearities and how they propagate through the system.
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Chapter 5
Classical Analog of Quantum
Landau-Zener Tunneling
5.1 Introduction
Being able to control the energy transfer between two structures is a challenging problem.
Manevitch at al. discovered an analogy between two parametrically coupled pendulums (in linear
approximation) and the nonadiabatic [7] Landau-Zener tunneling in a two-state quantum system
[1, 8, 12]. Through their work they were able to predict an efficient and irreversible energy transfer
from one system to another when the natural frequency of one of the systems changes in time so
that the system at some point passes through the resonant frequency of the other. The analytical
work was performed completely by Manevitch at al., and the experimental results, performed
at the Linear and Nonlinear Dynamics and Vibrations Laboratory (LNDVL) at the University of
Illinois, resulted in a paper submitted to and accepted by the International Journal of Non-Linear
Mechanics. The experiment will be described below.
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5.2 Experimental Setup
The experimental setup, designed to demonstrate the resonance phenomenon and confirm
the prior analysis, consists of two weakly coupled pendula, pendulum 1 of fixed length and pen-
dulum 2 of variable length. Mass m1 hangs on a string of fixed length l1. The string is attached at
two points to limit the movement to a single direction. Mass m2 hangs in a similar manner on a
V-shaped string, each segment of which passing through a hole in a thin horizontal platform. The
platform’s vertical position is controlled by a stepper motor as described below. The holes in the
platform are large enough for the string to go through them freely but not to move in the horizontal
direction. This allows for variation in l2 while keeping m1 and m2 at the same height. The two
masses are coupled through a very weak spring, consisting of piano wire connected to a piece of
balsa wood. The experiment starts with both masses at rest; pendulum 1 is then excited by lightly
hitting m1 with an impact hammer. The direction of the impulse is along the line connecting the
two masses, away from the mass m1 . From the moment of the impact, the platform moves down-
ward at a preset constant velocity until it is decreased to the level of m2. Then the platform stops
for the rest of the experiment’s run. The deflection data for both pendulums are collected until well
after the platform comes to a stop.
The equipment used for this experiment consists of a Parker Compumotor 506 ball screw
vertical shaker controlled by a Parker Compumotor PDX15 stepper motor controller. A two-phase
stepper motor, model SM57-102, with 3 Hamlin 59135-030 limit switches (internal to the ball
screw rail) are used to control the speed and position of the shaker. The motor controller interfaces
to a PC via RS-232, and Xware 6.04 software is used to upload and download programs to and
from the controller. Once a routine has been uploaded, a trigger signal coming from the impact
hammer, PCB 86C04, and passing through an analog switch, CD4066, will initiate the motion of
the ball screw and ultimately change the length of one of the pendulums. The motor will stop after
the desired distance is reached (or when the end-of-travel limit switch is activated, an option not
used in the experiment). The data collection for the displacement of the masses is acquired via two
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laser displacement sensors, ANL2500A (powered by 2 LM100 power supplies). The data from the
laser displacement sensors is captured by m+p International Smart Office software and the data
acquisition system; the acquisition is triggered by the same impact hammer signal as the motor
controller.
Figure 5.1: Picture of the experiment setup.
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Figure 5.2: Equipment used for the experiment. Modally tuned impact hammer and its power
supply (a). Vibpilot data acquisition unit from m+p International (b). Laser Displacement Sensor
(LDS) power supply (c) and LDS (d). PDX15, Parker Compumotor servo motor controller (e).
Wiring diagram for the experimental setup. All grounds are interconnected, and wires that go
nowhere are left open (trigger1 and 2). (f)
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5.2.1 Sample of codes used for the experiment
1XE1: Delete old sequence 1
1XD1: Start programming sequence 1
L: Start of the loop
TR0XX: Wait for trigger 1 to go low (0) and ignore triggers 2 and 3
A10: Set acceleration to 10
V0.8: Set Velocity to 0.8 rps
D55680: set distance to 55680 steps
G: initialize motions
TRX1X: wait for trigger 2 to go high (1) and ignore triggers 1 and 3
A5: set acceleration to 5
V5: set velocity to 5rps
H: change direction
G: initialize motion
N: end of loop
XT: end of sequence
Note: the column after the commad is not needed when sending the command to the con-
troller.
5.2.2 Discussion
The efficiency of the irreversible energy transfer from pendulum 1 to pendulum 2 depends
on the time when the exact resonance is reached, and, therefore, on the platform’s velocity. Op-
timal velocities were determined by trial-and-error (data not shown). Fig. 5.3 demonstrates the
horizontal displacements of both (equal) masses at the optimal platform velocities for (a, c) and
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(b, d). One can see that the energy of the excited pendulum, which is proportional to the square
of its amplitude, decreases essentially after one period of the slow evolution corresponding to the
envelope of vibrations. In this case the energy of pendulum 1 is decreased to about 23% of its
initial value. For m2 = 0.5m1, the remaining energy of pendulum 1 is about 50%. These figures
are in good correspondence with theoretical estimates.
(a) (b)
(c) (d)
Figure 5.3: Experimental results. Displacement (mm) vs. time (s) of pendulum 1 (a, b) and
pendulum 2 (c, d) in the case of equal masses, m1 and m2 244 g (a, c) and unequal masses, m1 244
g and m2 122 g (b, d).
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5.3 Conclusions
As observed from Fig. 5.3, the experiment validates the analytical results. The energy
transfer between the two masses, as predicted, is observed in the experimental results. When the
optimal parameters are used, velocity, mass and coupling stiffness, there is as much as 75% energy
transfer between the two masses, and once mass 1 transfers this energy it does not return to it after
mass 1 and mass 2 have passed through resonance. The research performed by Manevitch at al.
thus introduces a novel concept for a vibration energy trap [9].
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Appendix A
Impact Detection Algorithm
xb = 0; % initial beam displacement
IC = zeros(2*length(p.EV),1)’; % initial conditions
% initilize vectors
Spring_Force=[];
Tsave=[];
T_impact=[];
Xode=[];
Accel2=[];
Accel3=[];
Accel4=[];
Accel5=[];
Accel6=[];
Accel7=[];
Accel8=[];
Accel9=[];
LDS=[];
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while p.tend-p.tstart>1/8192
tspan=p.tstart:1/8192:p.tend;
% first scenario, beam is free and it does not impact
if xb(end)>p.xL0 && xb(end)<p.xR0
vopt = odeset(’events’,@eventfree,’InitialStep’, 1.0e-5,’MaxStep’,1.0e-5);
[T,X]=ode23s(@Ffree,tspan,IC,vopt,p);
X_dot=zeros(size(X)); %initialize a matrix for vel and accel states
% evaluate vector field (find q_dot(t) and q_dotdot(t) states
for i=1:length(T)
X_dot(i,:) = Ffree(T(i),X(i,:),p);
end
% Find displacement,velocity and acceleration for beam
xb=zeros(length(T),1); % initialize beam disp vector
xb_dot=zeros(length(T),1); % initialize beam vel vector
xb_dotdot=zeros(length(T),1); % initialize beam acceleration vector
accel2=zeros(length(T),1); % initialize beam acceleration vector
accel3=zeros(length(T),1);
accel4=zeros(length(T),1);
accel5=zeros(length(T),1);
accel6=zeros(length(T),1);
accel7=zeros(length(T),1);
accel8=zeros(length(T),1);
accel9=zeros(length(T),1);
lds=zeros(length(T),1);
for i=1:length(p.EV)
xb(:,1) = xb(:,1) + p.phi_x(i).*X(:,2*i-1);
xb_dot(:,1) = xb_dot(:,1)+p.phi_x(i).*X(:,2*i);
xb_dotdot(:,1) = xb_dotdot(:,1)+ p.phi_x(i).*X_dot(:,2*i);
accel2(:,1) = accel2(:,1)+ p.phi_x_out2(i).*X_dot(:,2*i);
accel3(:,1) = accel3(:,1)+ p.phi_x_out3(i).*X_dot(:,2*i);
accel4(:,1) = accel4(:,1)+ p.phi_x_out4(i).*X_dot(:,2*i);
accel5(:,1) = accel5(:,1)+ p.phi_x_out5(i).*X_dot(:,2*i);
accel6(:,1) = accel6(:,1)+ p.phi_x_out6(i).*X_dot(:,2*i);
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accel7(:,1) = accel7(:,1)+ p.phi_x_out7(i).*X_dot(:,2*i);
accel8(:,1) = accel8(:,1)+ p.phi_x_out8(i).*X_dot(:,2*i);
accel9(:,1) = accel9(:,1)+ p.phi_x_out9(i).*X_dot(:,2*i);
lds(:,1) = lds(:,1)+ p.phi_x_LDS(i).*X_dot(:,2*i);
end
spring_force=zeros(length(xb),1);
t_impact=T(end);
elseif xb(end)>p.xR0 %in contact with right side
vopt = odeset(’events’,@eventcont,’InitialStep’, 1.0e-5,’MaxStep’,1.0e-5);
[T,X]=ode23s(@FcontR,tspan,IC,vopt,p);
X_dot=zeros(size(X)); %initialize a matrix for vel and accel states
% evaluate vector field (find q_dot(t) and q_dotdot(t) states
for i=1:length(T)
X_dot(i,:) = FcontR(T(i),X(i,:),p);
end
% Find displacement,velocity and acceleration for beam
xb=zeros(length(T),1); % initialize beam disp vector
xb_dot=zeros(length(T),1); % initialize beam vel vector
xb_dotdot=zeros(length(T),1); % initialize beam acceleration vector
accel2=zeros(length(T),1); % initialize beam acceleration vector
accel3=zeros(length(T),1);
accel4=zeros(length(T),1);
accel5=zeros(length(T),1);
accel6=zeros(length(T),1);
accel7=zeros(length(T),1);
accel8=zeros(length(T),1);
accel9=zeros(length(T),1);
lds=zeros(length(T),1);
for i=1:length(p.EV)
xb(:,1) = xb(:,1) + p.phi_x(i).*X(:,2*i-1);
xb_dot(:,1) = xb_dot(:,1)+p.phi_x(i).*X(:,2*i);
xb_dotdot(:,1) = xb_dotdot(:,1)+ p.phi_x(i).*X_dot(:,2*i);
accel2(:,1) = accel2(:,1)+ p.phi_x_out2(i).*X_dot(:,2*i);
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accel3(:,1) = accel3(:,1)+ p.phi_x_out3(i).*X_dot(:,2*i);
accel4(:,1) = accel4(:,1)+ p.phi_x_out4(i).*X_dot(:,2*i);
accel5(:,1) = accel5(:,1)+ p.phi_x_out5(i).*X_dot(:,2*i);
accel6(:,1) = accel6(:,1)+ p.phi_x_out6(i).*X_dot(:,2*i);
accel7(:,1) = accel7(:,1)+ p.phi_x_out7(i).*X_dot(:,2*i);
accel8(:,1) = accel8(:,1)+ p.phi_x_out8(i).*X_dot(:,2*i);
accel9(:,1) = accel9(:,1)+ p.phi_x_out9(i).*X_dot(:,2*i);
lds(:,1) = lds(:,1)+ p.phi_x_LDS(i).*X_dot(:,2*i);
end
spring_force=p.k*(-xb+p.xR0)+p.c*(xb_dot);% force from impact
t_impact=T(end); % time of impact
elseif xb(end)==p.xR0
% positive velocity beam is compressing the spring (contact)
if xb_dot(end)>0
vopt = odeset(’events’,@eventcont,’InitialStep’, 1.0e-5,’MaxStep’,1.0e-5);
[T,X]=ode23s(@FcontR,tspan,IC,vopt,p);
X_dot=zeros(size(X)); %initialize a matrix for vel and accel states
% evaluate vector field (find q_dot(t) and q_dotdot(t) states
for i=1:length(T)
X_dot(i,:) = FcontR(T(i),X(i,:),p);
end
% Find displacement,velocity and acceleration for beam
xb=zeros(length(T),1); % initialize beam disp vector
xb_dot=zeros(length(T),1); % initialize beam vel vector
xb_dotdot=zeros(length(T),1); % initialize beam acceleration vector
accel2=zeros(length(T),1); % initialize beam acceleration vector
accel3=zeros(length(T),1);
accel4=zeros(length(T),1);
accel5=zeros(length(T),1);
accel6=zeros(length(T),1);
accel7=zeros(length(T),1);
accel8=zeros(length(T),1);
accel9=zeros(length(T),1);
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lds=zeros(length(T),1);
for i=1:length(p.EV)
xb(:,1) = xb(:,1) + p.phi_x(i).*X(:,2*i-1);
xb_dot(:,1) = xb_dot(:,1)+p.phi_x(i).*X(:,2*i);
xb_dotdot(:,1) = xb_dotdot(:,1)+ p.phi_x(i).*X_dot(:,2*i);
accel2(:,1) = accel2(:,1)+ p.phi_x_out2(i).*X_dot(:,2*i);
accel3(:,1) = accel3(:,1)+ p.phi_x_out3(i).*X_dot(:,2*i);
accel4(:,1) = accel4(:,1)+ p.phi_x_out4(i).*X_dot(:,2*i);
accel5(:,1) = accel5(:,1)+ p.phi_x_out5(i).*X_dot(:,2*i);
accel6(:,1) = accel6(:,1)+ p.phi_x_out6(i).*X_dot(:,2*i);
accel7(:,1) = accel7(:,1)+ p.phi_x_out7(i).*X_dot(:,2*i);
accel8(:,1) = accel8(:,1)+ p.phi_x_out8(i).*X_dot(:,2*i);
accel9(:,1) = accel9(:,1)+ p.phi_x_out9(i).*X_dot(:,2*i);
lds(:,1) = lds(:,1)+ p.phi_x_LDS(i).*X_dot(:,2*i);
end
spring_force=p.k*(-xb+p.xR0)+p.c*(xb_dot);% force from impact
t_impact=T(end); % time of impact
elseif xb_dot(end)<0 % negative velocity, beam is leaving the contact
vopt = odeset(’events’,@eventfree,’InitialStep’, 1.0e-5,’MaxStep’,1.0e-5);
[T,X]=ode23s(@Ffree,tspan,IC,vopt,p);
X_dot=zeros(size(X)); %initialize a matrix for vel and accel states
% evaluate vector field (find q_dot(t) and q_dotdot(t) states
for i=1:length(T)
X_dot(i,:) = Ffree(T(i),X(i,:),p);
end
% Find displacement,velocity and acceleration for beam
xb=zeros(length(T),1); % initialize beam disp vector
xb_dot=zeros(length(T),1); % initialize beam vel vector
xb_dotdot=zeros(length(T),1); % initialize beam acceleration vector
accel2=zeros(length(T),1); % initialize beam acceleration vector
accel3=zeros(length(T),1);
accel4=zeros(length(T),1);
accel5=zeros(length(T),1);
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accel6=zeros(length(T),1);
accel7=zeros(length(T),1);
accel8=zeros(length(T),1);
accel9=zeros(length(T),1);
lds=zeros(length(T),1);
for i=1:length(p.EV)
xb(:,1) = xb(:,1) + p.phi_x(i).*X(:,2*i-1);
xb_dot(:,1) = xb_dot(:,1)+p.phi_x(i).*X(:,2*i);
xb_dotdot(:,1) = xb_dotdot(:,1)+ p.phi_x(i).*X_dot(:,2*i);
accel2(:,1) = accel2(:,1)+ p.phi_x_out2(i).*X_dot(:,2*i);
accel3(:,1) = accel3(:,1)+ p.phi_x_out3(i).*X_dot(:,2*i);
accel4(:,1) = accel4(:,1)+ p.phi_x_out4(i).*X_dot(:,2*i);
accel5(:,1) = accel5(:,1)+ p.phi_x_out5(i).*X_dot(:,2*i);
accel6(:,1) = accel6(:,1)+ p.phi_x_out6(i).*X_dot(:,2*i);
accel7(:,1) = accel7(:,1)+ p.phi_x_out7(i).*X_dot(:,2*i);
accel8(:,1) = accel8(:,1)+ p.phi_x_out8(i).*X_dot(:,2*i);
accel9(:,1) = accel9(:,1)+ p.phi_x_out9(i).*X_dot(:,2*i);
lds(:,1) = lds(:,1)+ p.phi_x_LDS(i).*X_dot(:,2*i);
end
spring_force=zeros(length(xb),1); % no external force from impact
t_impact=T(end);
elseif xb_dot(end)==0 % zero velocity cannot conclude anything
if xb_dot_dot(end)>0
% positive acceleration beam is compressing the spring (contact)
vopt = odeset(’events’,@eventcont,’InitialStep’, 1.0e-5,’MaxStep’,1.0e-5);
[T,X]=ode23s(@FcontR,tspan,IC,vopt,p);
X_dot=zeros(size(X)); %initialize a matrix for vel and accel states
% evaluate vector field (find q_dot(t) and q_dotdot(t) states
for i=1:length(T)
X_dot(i,:) = FcontR(T(i),X(i,:),p);
end
% Find displacement,velocity and acceleration for beam
xb=zeros(length(T),1); % initialize beam disp vector
101
Appendix A Impact Detection Algorithm
xb_dot=zeros(length(T),1); % initialize beam vel vector
xb_dotdot=zeros(length(T),1); % initialize beam acceleration vector
accel2=zeros(length(T),1); % initialize beam acceleration vector
accel3=zeros(length(T),1);
accel4=zeros(length(T),1);
accel5=zeros(length(T),1);
accel6=zeros(length(T),1);
accel7=zeros(length(T),1);
accel8=zeros(length(T),1);
accel9=zeros(length(T),1);
lds=zeros(length(T),1);
for i=1:length(p.EV)
xb(:,1) = xb(:,1) + p.phi_x(i).*X(:,2*i-1);
xb_dot(:,1) = xb_dot(:,1)+p.phi_x(i).*X(:,2*i);
xb_dotdot(:,1) = xb_dotdot(:,1)+ p.phi_x(i).*X_dot(:,2*i);
accel2(:,1) = accel2(:,1)+ p.phi_x_out2(i).*X_dot(:,2*i);
accel3(:,1) = accel3(:,1)+ p.phi_x_out3(i).*X_dot(:,2*i);
accel4(:,1) = accel4(:,1)+ p.phi_x_out4(i).*X_dot(:,2*i);
accel5(:,1) = accel5(:,1)+ p.phi_x_out5(i).*X_dot(:,2*i);
accel6(:,1) = accel6(:,1)+ p.phi_x_out6(i).*X_dot(:,2*i);
accel7(:,1) = accel7(:,1)+ p.phi_x_out7(i).*X_dot(:,2*i);
accel8(:,1) = accel8(:,1)+ p.phi_x_out8(i).*X_dot(:,2*i);
accel9(:,1) = accel9(:,1)+ p.phi_x_out9(i).*X_dot(:,2*i);
lds(:,1) = lds(:,1)+ p.phi_x_LDS(i).*X_dot(:,2*i);
end
spring_force=p.k*(-xb+p.xR0)+p.c*(xb_dot); % force from impact
T_impact=T(end); % time of impact
elseif xb_dot_dot(end)<0 % negative acceleration beam is leaving the spring
vopt = odeset(’events’,@eventfree,’InitialStep’, 1.0e-5,’MaxStep’,1.0e-5);
[T,X]=ode23s(@Ffree,tspan,IC,vopt,p);
X_dot=zeros(size(X)); %initialize a matrix for vel and accel states
% evaluate vector field (find q_dot(t) and q_dotdot(t) states
for i=1:length(T)
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X_dot(i,:) = Ffree(T(i),X(i,:),p);
end
% Find displacement,velocity and acceleration for beam
xb=zeros(length(T),1); % initialize beam disp vector
xb_dot=zeros(length(T),1); % initialize beam vel vector
xb_dotdot=zeros(length(T),1); % initialize beam acceleration vector
accel2=zeros(length(T),1); % initialize beam acceleration vector
accel3=zeros(length(T),1);
accel4=zeros(length(T),1);
accel5=zeros(length(T),1);
accel6=zeros(length(T),1);
accel7=zeros(length(T),1);
accel8=zeros(length(T),1);
accel9=zeros(length(T),1);
lds=zeros(length(T),1);
for i=1:length(p.EV)
xb(:,1) = xb(:,1) + p.phi_x(i).*X(:,2*i-1);
xb_dot(:,1) = xb_dot(:,1)+p.phi_x(i).*X(:,2*i);
xb_dotdot(:,1) = xb_dotdot(:,1)+ p.phi_x(i).*X_dot(:,2*i);
accel2(:,1) = accel2(:,1)+ p.phi_x_out2(i).*X_dot(:,2*i);
accel3(:,1) = accel3(:,1)+ p.phi_x_out3(i).*X_dot(:,2*i);
accel4(:,1) = accel4(:,1)+ p.phi_x_out4(i).*X_dot(:,2*i);
accel5(:,1) = accel5(:,1)+ p.phi_x_out5(i).*X_dot(:,2*i);
accel6(:,1) = accel6(:,1)+ p.phi_x_out6(i).*X_dot(:,2*i);
accel7(:,1) = accel7(:,1)+ p.phi_x_out7(i).*X_dot(:,2*i);
accel8(:,1) = accel8(:,1)+ p.phi_x_out8(i).*X_dot(:,2*i);
accel9(:,1) = accel9(:,1)+ p.phi_x_out9(i).*X_dot(:,2*i);
lds(:,1) = lds(:,1)+ p.phi_x_LDS(i).*X_dot(:,2*i);
end
spring_force=zeros(length(xb),1);% force from impact
T_impact=T(end); % time of impact
elseif xb_dot_dot(end)==0 % zero acceleration, beam is not moving
error(’beam is stopped’)
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end
end
% third scenario, the beam is in contact with the left side
elseif xb(end)<p.xL0 % in contact
vopt = odeset(’events’,@eventcont,’InitialStep’, 1.0e-5,’MaxStep’,1.0e-5);
[T,X]=ode23s(@FcontL,tspan,IC,vopt,p);
X_dot=zeros(size(X)); %initialize a matrix for vel and accel states
% evaluate vector field (find q_dot(t) and q_dotdot(t) states
for i=1:length(T)
X_dot(i,:) = FcontL(T(i),X(i,:),p);
end
% Find displacement,velocity and acceleration for beam
xb=zeros(length(T),1); % initialize beam disp vector
xb_dot=zeros(length(T),1); % initialize beam vel vector
xb_dotdot=zeros(length(T),1); % initialize beam acceleration vector
accel2=zeros(length(T),1); % initialize beam acceleration vector
accel3=zeros(length(T),1);
accel4=zeros(length(T),1);
accel5=zeros(length(T),1);
accel6=zeros(length(T),1);
accel7=zeros(length(T),1);
accel8=zeros(length(T),1);
accel9=zeros(length(T),1);
lds=zeros(length(T),1);
for i=1:length(p.EV)
xb(:,1) = xb(:,1) + p.phi_x(i).*X(:,2*i-1);
xb_dot(:,1) = xb_dot(:,1)+p.phi_x(i).*X(:,2*i);
xb_dotdot(:,1) = xb_dotdot(:,1)+ p.phi_x(i).*X_dot(:,2*i);
accel2(:,1) = accel2(:,1)+ p.phi_x_out2(i).*X_dot(:,2*i);
accel3(:,1) = accel3(:,1)+ p.phi_x_out3(i).*X_dot(:,2*i);
accel4(:,1) = accel4(:,1)+ p.phi_x_out4(i).*X_dot(:,2*i);
accel5(:,1) = accel5(:,1)+ p.phi_x_out5(i).*X_dot(:,2*i);
accel6(:,1) = accel6(:,1)+ p.phi_x_out6(i).*X_dot(:,2*i);
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accel7(:,1) = accel7(:,1)+ p.phi_x_out7(i).*X_dot(:,2*i);
accel8(:,1) = accel8(:,1)+ p.phi_x_out8(i).*X_dot(:,2*i);
accel9(:,1) = accel9(:,1)+ p.phi_x_out9(i).*X_dot(:,2*i);
lds(:,1) = lds(:,1)+ p.phi_x_LDS(i).*X_dot(:,2*i);
end
spring_force=p.k*(-xb+p.xL0)+p.c*(xb_dot);% force from impact
t_impact=T(end); % time of impact
elseif xb(end)==p.xL0;
if xb_dot(end)<0 % entering contact
vopt = odeset(’events’,@eventcont,’InitialStep’, 1.0e-5,’MaxStep’,1.0e-5);
[T,X]=ode23s(@FcontL,tspan,IC,vopt,p);
X_dot=zeros(size(X)); %initialize a matrix for vel and accel states
% evaluate vector field (find q_dot(t) and q_dotdot(t) states
for i=1:length(T)
X_dot(i,:) = FcontL(T(i),X(i,:),p);
end
% Find displacement,velocity and acceleration for beam
xb=zeros(length(T),1); % initialize beam disp vector
xb_dot=zeros(length(T),1); % initialize beam vel vector
xb_dotdot=zeros(length(T),1); % initialize beam acceleration vector
accel2=zeros(length(T),1); % initialize beam acceleration vector
accel3=zeros(length(T),1);
accel4=zeros(length(T),1);
accel5=zeros(length(T),1);
accel6=zeros(length(T),1);
accel7=zeros(length(T),1);
accel8=zeros(length(T),1);
accel9=zeros(length(T),1);
lds=zeros(length(T),1);
for i=1:length(p.EV)
xb(:,1) = xb(:,1) + p.phi_x(i).*X(:,2*i-1);
xb_dot(:,1) = xb_dot(:,1)+p.phi_x(i).*X(:,2*i);
xb_dotdot(:,1) = xb_dotdot(:,1)+ p.phi_x(i).*X_dot(:,2*i);
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accel2(:,1) = accel2(:,1)+ p.phi_x_out2(i).*X_dot(:,2*i);
accel3(:,1) = accel3(:,1)+ p.phi_x_out3(i).*X_dot(:,2*i);
accel4(:,1) = accel4(:,1)+ p.phi_x_out4(i).*X_dot(:,2*i);
accel5(:,1) = accel5(:,1)+ p.phi_x_out5(i).*X_dot(:,2*i);
accel6(:,1) = accel6(:,1)+ p.phi_x_out6(i).*X_dot(:,2*i);
accel7(:,1) = accel7(:,1)+ p.phi_x_out7(i).*X_dot(:,2*i);
accel8(:,1) = accel8(:,1)+ p.phi_x_out8(i).*X_dot(:,2*i);
accel9(:,1) = accel9(:,1)+ p.phi_x_out9(i).*X_dot(:,2*i);
lds(:,1) = lds(:,1)+ p.phi_x_LDS(i).*X_dot(:,2*i);
end
spring_force=p.k*(-xb+p.xL0)+p.c*(xb_dot);% force from impact
t_impact=T(end); % time of impact
elseif xb_dot(end)>0 % leaving contact
vopt = odeset(’events’,@eventfree,’InitialStep’, 1.0e-5,’MaxStep’,1.0e-5);
[T,X]=ode23s(@Ffree,tspan,IC,vopt,p);
X_dot=zeros(size(X)); %initialize a matrix for vel and accel states
% evaluate vector field (find q_dot(t) and q_dotdot(t) states
for i=1:length(T)
X_dot(i,:) = Ffree(T(i),X(i,:),p);
end
% Find displacement,velocity and acceleration for beam
xb=zeros(length(T),1); % initialize beam disp vector
xb_dot=zeros(length(T),1); % initialize beam vel vector
xb_dotdot=zeros(length(T),1); % initialize beam acceleration vector
accel2=zeros(length(T),1); % initialize beam acceleration vector
accel3=zeros(length(T),1);
accel4=zeros(length(T),1);
accel5=zeros(length(T),1);
accel6=zeros(length(T),1);
accel7=zeros(length(T),1);
accel8=zeros(length(T),1);
accel9=zeros(length(T),1);
lds=zeros(length(T),1);
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for i=1:length(p.EV)
xb(:,1) = xb(:,1) + p.phi_x(i).*X(:,2*i-1);
xb_dot(:,1) = xb_dot(:,1)+p.phi_x(i).*X(:,2*i);
xb_dotdot(:,1) = xb_dotdot(:,1)+ p.phi_x(i).*X_dot(:,2*i);
accel2(:,1) = accel2(:,1)+ p.phi_x_out2(i).*X_dot(:,2*i);
accel3(:,1) = accel3(:,1)+ p.phi_x_out3(i).*X_dot(:,2*i);
accel4(:,1) = accel4(:,1)+ p.phi_x_out4(i).*X_dot(:,2*i);
accel5(:,1) = accel5(:,1)+ p.phi_x_out5(i).*X_dot(:,2*i);
accel6(:,1) = accel6(:,1)+ p.phi_x_out6(i).*X_dot(:,2*i);
accel7(:,1) = accel7(:,1)+ p.phi_x_out7(i).*X_dot(:,2*i);
accel8(:,1) = accel8(:,1)+ p.phi_x_out8(i).*X_dot(:,2*i);
accel9(:,1) = accel9(:,1)+ p.phi_x_out9(i).*X_dot(:,2*i);
lds(:,1) = lds(:,1)+ p.phi_x_LDS(i).*X_dot(:,2*i);
end
spring_force=zeros(length(xb),1);
t_impact=T(end);
elseif xb_dot(end)==0
if xb_dot_dot(end)<0 % entering contact
vopt = odeset(’events’,@eventcont,’InitialStep’, 1.0e-5,’MaxStep’,1.0e-5);
[T,X]=ode23s(@FcontL,tspan,IC,vopt,p);
X_dot=zeros(size(X)); %initialize a matrix for vel and accel states
% evluate vector field (find q_dot(t) and q_dotdot(t) states
for i=1:length(T)
X_dot(i,:) = FcontL(T(i),X(i,:),p);
end
% Find displacement,velocity and acceleration for beam
xb=zeros(length(T),1); % initialize beam disp vector
xb_dot=zeros(length(T),1); % initialize beam vel vector
xb_dotdot=zeros(length(T),1); % initialize beam acceleration vector
accel2=zeros(length(T),1); % initialize beam acceleration vector
accel3=zeros(length(T),1);
accel4=zeros(length(T),1);
accel5=zeros(length(T),1);
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accel6=zeros(length(T),1);
accel7=zeros(length(T),1);
accel8=zeros(length(T),1);
accel9=zeros(length(T),1);
lds=zeros(length(T),1);
for i=1:length(p.EV)
xb(:,1) = xb(:,1) + p.phi_x(i).*X(:,2*i-1);
xb_dot(:,1) = xb_dot(:,1)+p.phi_x(i).*X(:,2*i);
xb_dotdot(:,1) = xb_dotdot(:,1)+ p.phi_x(i).*X_dot(:,2*i);
accel2(:,1) = accel2(:,1)+ p.phi_x_out2(i).*X_dot(:,2*i);
accel3(:,1) = accel3(:,1)+ p.phi_x_out3(i).*X_dot(:,2*i);
accel4(:,1) = accel4(:,1)+ p.phi_x_out4(i).*X_dot(:,2*i);
accel5(:,1) = accel5(:,1)+ p.phi_x_out5(i).*X_dot(:,2*i);
accel6(:,1) = accel6(:,1)+ p.phi_x_out6(i).*X_dot(:,2*i);
accel7(:,1) = accel7(:,1)+ p.phi_x_out7(i).*X_dot(:,2*i);
accel8(:,1) = accel8(:,1)+ p.phi_x_out8(i).*X_dot(:,2*i);
accel9(:,1) = accel9(:,1)+ p.phi_x_out9(i).*X_dot(:,2*i);
lds(:,1) = lds(:,1)+ p.phi_x_LDS(i).*X_dot(:,2*i);
end
spring_force=p.k*(-xb+p.xL0)+p.c*(xb_dot);% froce from impact
t_impact=T(end); % time of impact
elseif xb_dot_dot(end)>0 % leaving contact
vopt = odeset(’events’,@eventfree,’InitialStep’, 1.0e-5,’MaxStep’,1.0e-5);
[T,X]=ode23s(@Ffree,tspan,IC,vopt,p);
X_dot=zeros(size(X)); %initialize a matrix for vel and accel states
% evaluate vector field (find q_dot(t) and q_dotdot(t) states
for i=1:length(T)
X_dot(i,:) = Ffree(T(i),X(i,:),p);
end
% Find displacement,velocity and acceleration for beam
xb=zeros(length(T),1); % initialize beam disp vector
xb_dot=zeros(length(T),1); % initialize beam vel vector
xb_dotdot=zeros(length(T),1); % initialize beam acceleration vector
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accel2=zeros(length(T),1); % initialize beam acceleration vector
accel3=zeros(length(T),1);
accel4=zeros(length(T),1);
accel5=zeros(length(T),1);
accel6=zeros(length(T),1);
accel7=zeros(length(T),1);
accel8=zeros(length(T),1);
accel9=zeros(length(T),1);
lds=zeros(length(T),1);
for i=1:length(p.EV)
xb(:,1) = xb(:,1) + p.phi_x(i).*X(:,2*i-1);
xb_dot(:,1) = xb_dot(:,1)+p.phi_x(i).*X(:,2*i);
xb_dotdot(:,1) = xb_dotdot(:,1)+ p.phi_x(i).*X_dot(:,2*i);
accel2(:,1) = accel2(:,1)+ p.phi_x_out2(i).*X_dot(:,2*i);
accel3(:,1) = accel3(:,1)+ p.phi_x_out3(i).*X_dot(:,2*i);
accel4(:,1) = accel4(:,1)+ p.phi_x_out4(i).*X_dot(:,2*i);
accel5(:,1) = accel5(:,1)+ p.phi_x_out5(i).*X_dot(:,2*i);
accel6(:,1) = accel6(:,1)+ p.phi_x_out6(i).*X_dot(:,2*i);
accel7(:,1) = accel7(:,1)+ p.phi_x_out7(i).*X_dot(:,2*i);
accel8(:,1) = accel8(:,1)+ p.phi_x_out8(i).*X_dot(:,2*i);
accel9(:,1) = accel9(:,1)+ p.phi_x_out9(i).*X_dot(:,2*i);
lds(:,1) = lds(:,1)+ p.phi_x_LDS(i).*X_dot(:,2*i);
end
spring_force=zeros(length(xb),1);% find the force of impact
t_impact=T(end); % find the time of impact
elseif xb_dot_dot(end)==0 % zero acceleration, beam is not moving
error(’beam is not moving’)
end
end
end
Tsave=[Tsave;T];
Xode=[Xode;X];
Accel2=[Accel2;accel2];
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Accel3=[Accel3;accel3];
Accel4=[Accel4;accel4];
Accel5=[Accel5;accel5];
Accel6=[Accel6;accel6];
Accel7=[Accel7;accel7];
Accel8=[Accel8;accel8];
Accel9=[Accel9;accel9];
LDS=[LDS;lds];
Spring_Force=[Spring_Force;-spring_force(1);spring_force(2:end)];
T_impact=[T_impact;t_impact];
p.tstart = T(end);
IC=X(end,:);
end
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% parameters.m
L=51.625*2.54*0.01; % beam length in [m]
A=(0.315*1.755)*0.0254ˆ2; % beam c/s area in [mˆ2]
E=200000000000; % Young’s modulus in [Pa]
rho=7850; % density of steel
I=((1.755*0.0254)*(0.315*0.0254)ˆ3)/12; % moment of inertia
zeta=[0.0071 1.05189e-3 1.3845e-3 2.9336e-3 ...
6.8244e-3 3.1389e-3 7.34641e-3 1.7670e-3 2.3158e-3 ...
1.4968e-3];
%Setting up struct for the parameters that are passed to the other functions
p.rho = rho;
p.A=A;
p.E=E;
p.I=I;
p.L=L;
p.zeta=zeta;
% find the zeros of the CE, use fzeros function
% I check the CE plot and see where the zeros are, then use fzero to
% find the root close to a given range
EV = zeros(10,1);
EV(1) = fzero(’EBCElinear’,[1.0 2.5]);
EV(2) = fzero(’EBCElinear’,[4.0 6]);
EV(3) = fzero(’EBCElinear’,[7.0 9]);
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EV(4) = fzero(’EBCElinear’,[10.0 12.0]);
EV(5) = fzero(’EBCElinear’,[13.0 15.5]);
EV(6) = fzero(’EBCElinear’,[15.8 18.0]);
EV(7) = fzero(’EBCElinear’,[18.0 21.0]);
EV(8) = fzero(’EBCElinear’,[22.0 25.0]);
EV(9) = fzero(’EBCElinear’,[26.0 27.5]);
EV(10) = fzero(’EBCElinear’,[28.0 31.0]);
% setting zero vectors for kr1,kr2,kr. kr is the constant in the
% phi(x) equation (eigenfunction)
kr1 = zeros(length(EV),1);
kr2 = zeros(length(EV),1);
kr = zeros(length(EV),1);
% Fiding Cr, multiplicity constants.
Cr=ones(length(EV),1);
for i = 1:length(EV)
kr1(i) = cosh(EV(i))+cos(EV(i)); % EVs are not multiplied by L since the CE gives lambda*L
kr2(i) = sinh(EV(i))+sin(EV(i));
kr(i)=kr1(i)/kr2(i);
x1 = 0;
x2 = p.L;
% finding the constants Crˆ2.
Cm(i) = quad(@(y)constants(y,EV(i),kr(i),L,Cr(i)),x1,x2);
end
Cr = sqrt(1./Cm);
p.Cr=Cr;
p.kr=kr;
p.EV=EV;
% inizialize zero EV and EF vectors
ev = zeros(length(EV),1);
phi = zeros(length(EV),1);
phi_x = zeros(length(EV),1);
phi_x_out2 = zeros(length(EV),1);
phi_x_out3 = zeros(length(EV),1);
phi_x_out4 = zeros(length(EV),1);
phi_x_out5 = zeros(length(EV),1);
phi_x_out6 = zeros(length(EV),1);
phi_x_out7 = zeros(length(EV),1);
phi_x_out8 = zeros(length(EV),1);
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phi_x_out9 = zeros(length(EV),1);
phi_x_LDS = zeros(length(EV),1);
% compute phi (eigenfunction) for the location on the beam where the
for i =1:length(EV)
ev(i) = EV(i)/L;
phi(i)= Cr(i)*(cosh(ev(i)*p.d)-cos(ev(i)*p.d)-kr(i)*(sinh(ev(i)*p.d)-sin(ev(i)*p.d)));
phi_x(i)= Cr(i)*(cosh(ev(i)*p.x)-cos(ev(i)*p.x)-kr(i)*(sinh(ev(i)*p.x)-sin(ev(i)*p.x)));
phi_x_out2(i)= Cr(i)*(cosh(ev(i)*p.x_out2)-cos(ev(i)*p.x_out2)-
kr(i)*(sinh(ev(i)*p.x_out2)-sin(ev(i)*p.x_out2)));
phi_x_out3(i)= Cr(i)*(cosh(ev(i)*p.x_out3)-cos(ev(i)*p.x_out3)-
kr(i)*(sinh(ev(i)*p.x_out3)-sin(ev(i)*p.x_out3)));
phi_x_out4(i)= Cr(i)*(cosh(ev(i)*p.x_out4)-cos(ev(i)*p.x_out4)-
kr(i)*(sinh(ev(i)*p.x_out4)-sin(ev(i)*p.x_out4)));
phi_x_out5(i)= Cr(i)*(cosh(ev(i)*p.x_out5)-cos(ev(i)*p.x_out5)-
kr(i)*(sinh(ev(i)*p.x_out5)-sin(ev(i)*p.x_out5)));
phi_x_out6(i)= Cr(i)*(cosh(ev(i)*p.x_out6)-cos(ev(i)*p.x_out6)-
kr(i)*(sinh(ev(i)*p.x_out6)-sin(ev(i)*p.x_out6)));
phi_x_out7(i)= Cr(i)*(cosh(ev(i)*p.x_out7)-cos(ev(i)*p.x_out7)-
kr(i)*(sinh(ev(i)*p.x_out7)-sin(ev(i)*p.x_out7)));
phi_x_out8(i)= Cr(i)*(cosh(ev(i)*p.x_out8)-cos(ev(i)*p.x_out8)-
kr(i)*(sinh(ev(i)*p.x_out8)-sin(ev(i)*p.x_out8)));
phi_x_out9(i)= Cr(i)*(cosh(ev(i)*p.x_out9)-cos(ev(i)*p.x_out9)-
kr(i)*(sinh(ev(i)*p.x_out9)-sin(ev(i)*p.x_out9)));
phi_x_LDS(i)= Cr(i)*(cosh(ev(i)*p.x_LDS)-cos(ev(i)*p.x_LDS)-
kr(i)*(sinh(ev(i)*p.x_LDS)-sin(ev(i)*p.x_LDS)));
end
p.phi=phi; % eigenfunctions
p.phi_x=phi_x;
p.phi_x_out2=phi_x_out2;
p.phi_x_out3=phi_x_out3;
p.phi_x_out4=phi_x_out4;
p.phi_x_out5=phi_x_out5;
p.phi_x_out6=phi_x_out6;
p.phi_x_out7=phi_x_out7;
p.phi_x_out8=phi_x_out8;
p.phi_x_out9=phi_x_out9;
p.phi_x_LDS=phi_x_LDS;
p.ev=ev;
p.EV=EV;
% updated natural frequencies
p.omega=2*pi*[3.7420 23.2250 64.9060 ...
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126.9370 209.4290 314.6920 ...
436.3170 580.6500 751.2510 926.7240];
%% load_data.m
%% data from M+P
% ===========================================
%%%%%%%%%%%%%%%%%%%%%%%%%%%%
% fixfree.mat: this data is for the beam configuration
% where one end is fixed (root) and the other end (tip) is free to vibrate.
% So there are no impacts in this case.
% fixfix.mat: the beam is fixed on both ends. No impacts.
% 2V_clear.mat, in this case there is a clearance of
% 2*0.0796168*0.0254m. 2V is the reading from the Laser Displacement
% Sensor. There are 0.0796168in per 1Vdc. (same applies to 1V_clear.mat
% 05V_clear.mat, 024V_clear.mat and 01V_clear.mat)
% forcing location: stiffness damping
% 2V_clear.mat at 0.42m from root, k=5e7, c=1000
% 1V_clear.mat at 0.4m from root, k=5e7, c=1000
% 05V_clear.mat at 0.39 form root, k=5e7, c=1000
% 024V_clear.mat at 0.39m from root, k=5e7, c=1000
% 01V_clear.mat at 0.39m from root, , k=5e7, c=1000
% Each .mat file contains time series data for each channel. There
% are a total of 14 channels used.
% ch1: impact hammer (forcing)
% ch2: accelerometer 1 (131mm from the root)
% ch3: accelerometer 2 (263mm from the root)
% ch4: accelerometer 3 (395mm from the root)
% ch5: accelerometer 4 (527mm from the root)
% ch6: accelerometer 5 (657mm from the root)
% ch7: accelerometer 6 (787mm from the root)
% ch8: accelerometer 7 (917mm from the root)
% ch9: accelerometer 8 (1052mm from the root)
% ch10: accelerometer 9 (1215mm from the root)
% ch11: accelerometer 10 (1311mm from the root)
% ch12: Rigth Load Cell (impact, not used in this case)
% ch13: Left Load Cell (impact, not used in this case)
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% ch14: Laser displacement sensor (measureing at 1230mm from the root)
% data contained in each .mat files
% MAT_001_Time_record_hammer: forcing on ch1
% MAT_002_Time_record_accel1 : acceleration on ch2
% MAT_003_Time_record_accel2 : acceleration on ch3
% MAT_004_Time_record_accel3 : acceleration on ch4
% MAT_005_Time_record_accel4 : acceleration on ch5
% MAT_006_Time_record_accel5 : acceleration on ch6
% MAT_007_Time_record_accel6 : acceleration on ch7
% MAT_008_Time_record_accel7 : acceleration on ch8
% MAT_009_Time_record_accel8 : acceleration on ch9
% MAT_010_Time_record_accel9 : acceleration on ch10
% MAT_011_Time_record_accel10 : acceleration on ch11
% MAT_012_Time_record_Load_cellR :acceleration on ch12
% MAT_013_Time_record_Load_CellL : acceleration on ch13
% MAT_014_Time_record_LDS : acceleration on ch14
%% load data
% rigid impacts
%load experimental_data/rigid_impact/2V_clear.mat
%load experimental_data/rigid_impact/1V_clear.mat
%load experimental_data/rigid_impact/05V_clear.mat
%load experimental_data/rigid_impact/024V_clear.mat
%load experimental_data/rigid_impact/01V_clear.mat
% linear case
%load experimental_data/linear_beam/fixfree.mat
%load experimental_data/linear_beam/fixfix.mat
% rigid_impact with rubber tip
%load experimental_data/rigid_impact_rubber_tip/2V_clear_rubber_tip.mat
%load experimental_data/rigid_impact_rubber_tip/1V_clear_rubber_tip.mat
%load experimental_data/rigid_impact_rubber_tip/05V_clear_rubber_tip.mat
%load experimental_data/rigid_impact_rubber_tip/024V_clear_rubber_tip.mat
%load experimental_data/rigid_impact_rubber_tip/01V_clear_rubber_tip.mat
% rigid_impact with rubber tip and load cells as impacts
%load experimental_data/rigid_impact_with_loadcells_rubber_tip/2V_clear_loadcells_rubber_tip.mat
%load experimental_data/rigid_impact_with_loadcells_rubber_tip/1V_clear_loadcells_rubber_tip.mat
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load experimental_data/rigid_impact_with_loadcells_rubber_tip/05V_clear_loadcells_rubber_tip.mat
%load experimental_data/rigid_impact_with_loadcells_rubber_tip/024V_clear_loadcells_rubber_tip.mat
%load experimental_data/rigid_impact_with_loadcells_rubber_tip/01V_clear_loadcells_rubber_tip.mat
% soft_impact with rubber tip
%load experimental_data/soft_impact_rubber_tip/V2_clear_soft_impact_rubber_tip.mat
%load experimental_data/soft_impact_rubber_tip/V1_clear_soft_impact_rubber_tip.mat
%load experimental_data/soft_impact_rubber_tip/V05_clear_soft_impact_rubber_tip.mat
fexp = MAT_001_Time_record_hammer(300:370,2); % forcing
% cut off the zero part of the signal
Texp = MAT_001_Time_record_hammer(300:370,1)-MAT_001_Time_record_hammer(300,1);
%Correct the impulse forcing fuction. I am correcting for the
%leakage charge in the trasducer. Using correct.m, written by
%McFarland
Fexp = correct(Texp’, fexp’, Texp(end), fexp(end));
p.Texp=Texp;
p.Fexp=Fexp;
%% EBCElinear.m
function CE = EBCElinear(XL)
CE = 1+cos(XL).*cosh(XL);
%% correct.m
% D. Michael McFarland, 2004-04-23
function f = correct(t, fhat, tf, fhatf)
global mytime myfhat
mytime = t;
myfhat = fhat;
sol = ode45(@gp, [0 tf], [0]);
g = deval(sol, t);
gf = deval(sol, tf);
c = fhatf / gf;
err = c * g;
f = fhat - err;
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% The function "gp" is called only by "correct", above.
function gp = gp(t, g)
global mytime myfhat
gp = interp1(mytime, myfhat, t);
%% constants.m
function func = constants(y,EV,kr,L,Cr)
ev=EV/L;
func = Crˆ2.*(cosh(ev.*y)-cos(ev.*y)-kr.*(sinh(ev.*y)-sin(ev.*y))).ˆ2;
%% eventcont.m
function [value,isterminal,direction]=eventcont(t,x,p)
value = [-beam_displ(x,p)+p.xL0,beam_displ(x,p)-p.xR0];% detect when beam exits the contact with left spring
isterminal = [1,1]; % stop the integration when the impact is detected
direction = [-1,-1]; % decreasing direction, value(1) is decreasing each step
%% eventfree.m
function [value,isterminal,direction]=eventfree(t,x,p)
% detect when beam hits the left spring
value = [beam_displ(x,p)-p.xL0,-beam_displ(x,p)+p.xR0];
isterminal = [1,1]; % stop the integration when the impact is detected
direction = [-1,-1]; % decreasing direction, value(1) is decreasing each step
%% Ffree.m
function xdot = Ffree(t,x,p)
xdot=zeros(size(x));
for i=1:length(p.EV)
xdot(2*i-1)=x(2*i);
xdot(2*i)=(1/p.rho/p.A)*(p.phi(i)*force(t,p))-2*p.zeta(i)*p.omega(i)*x(2*i)-p.omega(i)ˆ2*x(2*i-1);
end
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%% FcontL.m
function xdot = FcontL(t,x,p)
displ = beam_displ(x,p);% this finds the total displacement when the beam is in contact with the spring
xdot=zeros(size(x));
for i=1:length(p.EV)
xdot(2*i-1)=x(2*i);
%%% use only if damping is proportional to beam displacement
xdot(2*i)=1/p.rho/p.A*(p.phi(i)*force(t,p)+p.phi_x(i)*(p.k*(p.xL0-displ)-p.c*x(2*i)))- ...
2*p.zeta(i)*p.omega(i)*x(2*i)-p.omega(i)ˆ2.*x(2*i-1);
end
%% FcontR.m
function xdot = FcontR(t,x,p)
displ = beam_displ(x,p); % this finds the total displacement when the beam is in contact with the spring
xdot=zeros(size(x));
for i=1:length(p.EV)
xdot(2*i-1)=x(2*i);
%%% use if damping is proportional do beam displacement
xdot(2*i)=1/p.rho/p.A*(p.phi(i)*force(t,p)+p.phi_x(i)*(p.k*(p.xR0-displ)-p.c*x(2*i)))- ...
2*p.zeta(i)*p.omega(i)*x(2*i)-p.omega(i)ˆ2.*x(2*i-1);
end
%% beam_displ.m
function displ = beam_displ(x,p)
displ=0; % initialize beam disp vector
for i=1:length(p.EV)
displ = displ+ p.phi_x(i)*x(2*i-1);
end
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function[LDS]=system_with_impacts(left_clearance,
right_clearance,impact_location,forcing_location,tstart,tend,k,c,time_series_output);
% example: [LDS]=system_with_impacts(-0.004,0.004,1.15,0.4,0,0.3,5e10,1000,1.23);
% disp, vel and accel are the disp vel and accel of the beam at
% time_series_output
% left_clearance:clearance in meters between the beam and the rigid impact on
% the left side
% right_clearance:clearance in meters between the beam and the rigid impact on
% the right side
% impact_location: in meters the point where the beam comes in contact with
% the rigid impact (starting from the root of the contilever beam)
% forcing_location: in meters the point along the beam (starting from the
% root) where the beam is being forced.
% tstart: start of integration time in sec
% tend: end of integration time in sec
% k: stiffness of the rigid impact
% c: dissipation from the rigid impact (damping)
% time_series_output: in meters the point along the beam for which you want
% to know the displacement velocity and acceleration.
p.xL0=left_clearance;
p.xR0=right_clearance;
p.x=impact_location;
p.d=forcing_location;
p.tstart=tstart;
p.tend=tend;
p.k=k;
p.c=c;
p.x_LDS=time_series_output;
p.x_out2=0.263; %accel2
p.x_out3=0.395; %accel3
p.x_out4=0.527; %accel4
p.x_out5=0.657; %accel5
p.x_out6=0.787; %accel6
p.x_out7=0.917; %accel7
p.x_out8=1.052; %accel8
p.x_out9=1.31; %accel9 1.215
% load exp data, this is loaded in order to use exp forcing function
% make sure the right file is loaded in laod_data.m
load_data
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% load beam parameters
parameters
if p.xR0==0 % linear case, when the beam is fixed-fixed
xb = 0; % initial beam displacement
IC = zeros(2*length(p.EV),1)’; % initial conditions
% initilize vectors
Tsave=[];Xode=[];Accel2=[];Accel3=[];Accel4=[];
Accel5=[];Accel6=[];Accel7=[]; Accel8=[];Accel9=[];LDS=[];
while p.tend-p.tstart>1/8192
% integration time
tspan=p.tstart:1/8192:p.tend;
vopt = odeset(’InitialStep’, 1.0e-5,’MaxStep’,1.0e-5);
[T,X]=ode23s(@FcontL,tspan,IC,vopt,p);
X_dot=zeros(size(X)); %initialize a matrix for vel and accel states
% evaluate vector field (find q_dot(t) and q_dotdot(t) states
for i=1:length(T)
X_dot(i,:) = FcontR(T(i),X(i,:),p);
end
% Find displacement,velocity and acceleration for beam
xb=zeros(length(T),1); % initialize beam disp vector
xb_dot=zeros(length(T),1); % initialize beam vel vector
xb_dotdot=zeros(length(T),1); % initialize beam acceleration vector
accel2=zeros(length(T),1); % initialize beam acceleration vector
accel3=zeros(length(T),1);
accel4=zeros(length(T),1);
accel5=zeros(length(T),1);
accel6=zeros(length(T),1);
accel7=zeros(length(T),1);
accel8=zeros(length(T),1);
accel9=zeros(length(T),1);
lds=zeros(length(T),1);
for i=1:length(p.EV)
xb(:,1) = xb(:,1) + p.phi_x(i).*X(:,2*i-1);
xb_dot(:,1) = xb_dot(:,1)+p.phi_x(i).*X(:,2*i);
xb_dotdot(:,1) = xb_dotdot(:,1)+ p.phi_x(i).*X_dot(:,2*i);
accel2(:,1) = accel2(:,1)+ p.phi_x_out2(i).*X_dot(:,2*i);
accel3(:,1) = accel3(:,1)+ p.phi_x_out3(i).*X_dot(:,2*i);
accel4(:,1) = accel4(:,1)+ p.phi_x_out4(i).*X_dot(:,2*i);
accel5(:,1) = accel5(:,1)+ p.phi_x_out5(i).*X_dot(:,2*i);
accel6(:,1) = accel6(:,1)+ p.phi_x_out6(i).*X_dot(:,2*i);
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accel7(:,1) = accel7(:,1)+ p.phi_x_out7(i).*X_dot(:,2*i);
accel8(:,1) = accel8(:,1)+ p.phi_x_out8(i).*X_dot(:,2*i);
accel9(:,1) = accel9(:,1)+ p.phi_x_out9(i).*X_dot(:,2*i);
lds(:,1) = lds(:,1)+ p.phi_x_LDS(i).*X_dot(:,2*i);
end
Tsave=[Tsave;T];
Xode=[Xode;X];
Accel2=[Accel2;accel2];
Accel3=[Accel3;accel3];
Accel4=[Accel4;accel4];
Accel5=[Accel5;accel5];
Accel6=[Accel6;accel6];
Accel7=[Accel7;accel7];
Accel8=[Accel8;accel8];
Accel9=[Accel9;accel9];
LDS=[LDS;lds];
p.tstart = T(end);
IC=X(end,:);
end
else
impact_detect
end
% get disp and vel for "time_series_output" location.
Disp2=zeros(length(Tsave),1); % initialize beam disp vector
Disp3=zeros(length(Tsave),1); % initialize beam disp vector
Disp4=zeros(length(Tsave),1); % initialize beam disp vector
Disp5=zeros(length(Tsave),1); % initialize beam disp vector
Disp6=zeros(length(Tsave),1); % initialize beam disp vector
Disp7=zeros(length(Tsave),1); % initialize beam disp vector
Disp8=zeros(length(Tsave),1); % initialize beam disp vector
Disp9=zeros(length(Tsave),1); % initialize beam disp vector
LDS=zeros(length(Tsave),1); % initialize beam disp vector
Vel2=zeros(length(Tsave),1); % initialize beam vel vector
Vel3=zeros(length(Tsave),1); % initialize beam vel vector
Vel4=zeros(length(Tsave),1); % initialize beam vel vector
Vel5=zeros(length(Tsave),1); % initialize beam vel vector
Vel6=zeros(length(Tsave),1); % initialize beam vel vector
Vel7=zeros(length(Tsave),1); % initialize beam vel vector
Vel8=zeros(length(Tsave),1); % initialize beam vel vector
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Vel9=zeros(length(Tsave),1); % initialize beam vel vector
for i=1:length(p.EV)
Disp2(:,1) = Disp2(:,1) + p.phi_x_out2(i).*Xode(:,2*i-1);
Disp3(:,1) = Disp3(:,1) + p.phi_x_out3(i).*Xode(:,2*i-1);
Disp4(:,1) = Disp4(:,1) + p.phi_x_out4(i).*Xode(:,2*i-1);
Disp5(:,1) = Disp5(:,1) + p.phi_x_out5(i).*Xode(:,2*i-1);
Disp6(:,1) = Disp6(:,1) + p.phi_x_out6(i).*Xode(:,2*i-1);
Disp7(:,1) = Disp7(:,1) + p.phi_x_out7(i).*Xode(:,2*i-1);
Disp8(:,1) = Disp8(:,1) + p.phi_x_out8(i).*Xode(:,2*i-1);
Disp9(:,1) = Disp9(:,1) + p.phi_x_out9(i).*Xode(:,2*i-1);
LDS(:,1) = LDS(:,1) + p.phi_x_LDS(i).*Xode(:,2*i-1);
Vel2(:,1) = Vel2(:,1)+p.phi_x_out2(i).*Xode(:,2*i);
Vel3(:,1) = Vel3(:,1)+p.phi_x_out3(i).*Xode(:,2*i);
Vel4(:,1) = Vel4(:,1)+p.phi_x_out4(i).*Xode(:,2*i);
Vel5(:,1) = Vel5(:,1)+p.phi_x_out5(i).*Xode(:,2*i);
Vel6(:,1) = Vel6(:,1)+p.phi_x_out6(i).*Xode(:,2*i);
Vel7(:,1) = Vel7(:,1)+p.phi_x_out7(i).*Xode(:,2*i);
Vel8(:,1) = Vel8(:,1)+p.phi_x_out8(i).*Xode(:,2*i);
Vel9(:,1) = Vel9(:,1)+p.phi_x_out9(i).*Xode(:,2*i);
end
% save data to file
dataout=[Tsave,LDS,Disp2,Disp3,Disp4,Disp5,Disp6,Disp7 ...
Disp8,Disp9,Vel2,Vel3,Vel4,Vel5,Vel6, ...
Vel7,Vel8,Vel9,Accel2,Accel3,Accel4,Accel5,Accel6,...
Accel7,Accel8,Accel9]; %
save -ascii sim_data/sim_data_fixfree_integration_algorithm.dat dataout
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All the files listed below are needed to simulated any of the results in this report.
function system_with_impacts: run this function to simulate the system.
[LDS]=system_with_impacts(left_clearance, right_clearance,...
impact_location,forcing_location,tstart,tend,...
k,c,time_series_output)
example: [LDS]=system_with_impacts(-0.004,0.004,1.185,0.4,0,0.3,5e10,1000,...
1.2303);
Load_data: here is where the experimental data is loaded. You need this file in order to
load the experimental forcing function and the acceleration data from the accels if you want to
compare the simulation results.
impact_detect: this is the algorithm that is used to evaluate the vector fields and find out
when the beam is in or out of contact.
parameters: this file contains the beam parameters.
Ffree: this is the vector field being evaluated when the beam is not in contact
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FcontL: this is the vector field being evaluated when the beam is in contact with the left
side impact.
FcontR:this is the vector field being evaluated when the beam is in contact with the right
side impact.
force: this script interpolates the experimental forcing function.
beam_disp: this function evaluates the displacement of the beam at the impact point and it
is used to determine is the beam is in or out of contact.
EBCElinear: this function is used to find the eigen values of the characteristic equation.
correct: this function corrects the forcing function from transducer’s charge leakage.
constants: this function finds the constant used to multiply the eigenvalues in order to
normalize them.
eventcont: this is the event file used by ODE to find when the beam is in contact or out of
contact. Once the events are satisfied ODE will stop evaluating FcontL or FcontR.
eventfree: this is the event file used by ODE to find when the beam is in contact or out of
contact. Once the events are satisfied ODE will stop evaluating Ffree
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